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The electromagnetic generation of longitudinal sound in metals under conditions of the nonlinear anomalous skin effect, when 
the main source of acoustic oscillations is the deformation force, is investigated theoretically. The nonlinearity mechanism is 
magnetodynamic: it is related with the influence of the radio-wave magnetic field on conduction-electron dynamics. The analysis 
is carded out in a broad range of values of the external-signal amplitude of, and covers both weak and strong nonlinearities. The 
dependence of the amplitude of generated sound on the radio-wave amplitude of, its frequency to, and mean free path l, is derived. 
It is established that the longitudinal sound contains only even harmonics of the incident wave. Nonlinear transformation of 
electromagnetic energy into acoustic energy is little sensitive to the state of the sample surface. 

1. A large number of works has been dedicated to 
the theoretical and experimental investigation of the 
contactless sound generation (see, for example, the 
review [ 1 ] and references therein). The majority of 
these researches cover only the linear regime where 
the external electromagnetic wave of frequency co has 
a small amplitude ~¢, and, therefore, generates 
acoustic oscillations of the same frequency in the 
metal. The efficiency of electromagnetic sound gen- 
eration grows as the incident-signal power and con- 
duction-electron mean free path l are increased. 
However, with increasing the parameters ~ a n d  l, the 
nonlinear processes in the sample begin rapidly 
enough to develop. In the modern experiments with 
clean metals at low temperatures, precisely, the non- 
linear regime turns out to be the commonest. 

The nonlinear electromagnetic generation of 
acoustic oscillations under conditions of normal skin 
effect, l ~ J  (J is the skin depth), was theoretically 
studied in refs. [2,3]. The situation of anomalous 
skin effect 

J<<l (I) 

which is typical for metals, is of great interest. This 
case was investigated only in one theoretical paper 
[4 ] that covers the weak-nonlinearity regime. The 
results of ref. [4 ] demonstrate the importance of 

nonlinear electromagnetic processes in the sound- 
generation effect. Thus, for instance, in metals with 
spherical Fermi surface the longitudinal-sound gen- 
eration is duc only to nonlinearity. In this case the 
amplitude of nonlinear ultrasound is (l/j)2>> I 
larger than under normal skin effect. 

In metals the nonlinearity mechanism is related 
with the influence of tbe radio-wave magnetic field 
on the electron dynamics, and, therefore, on the 
sample conductivity. This mechanism is called mag- 
nctodynamic. The parameter b, which characterizes 
the effectiveness of the mechanism, is defined by the 
ratio of the mean frec path I to the electron-trajec- 
tory length in the skin-layer heterogeneous magnetic 
field (8RJ) I/2 (sec ref. [5]): 

b= (2, ,vf /h) I/2, h = 8 c p F J / e l  2 . (2) 

Here R = cpF/2e  ~ is the characteristic curvature ra- 
dius of the electron trajectory in the skin-layer mag- 
netic field, e the absolute value of the charge, PF the 
Fermi momentum, and c the velocity of light. Let us 
estimate the quantity h with the nonlinearity param- 
eter b= 1. For typical pure metals at low tempera- 
tures, J~10-4-10  - ~ c m  and l ~ 1 0  -1 cm, we get 
h ~ 0 . 5 - 5 0 e .  In experiments the value of the elec- 
tromagnetic-wave amplitude Jfreaches a few tens, 
and, inclusive, hundred of oersteds, and then both 
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the case of weak nonlinearity (b ~: 1 ) and the strong- 
nonlinearity case (b:*, 1 ) are experimentally 
realizable. 

2. The kinetic theory of nonlinear anomalous skin 
effect was formulated in ref. [ 5 ]. We will comment 
the results of this work briefly. 

In the case of weak nonlinearity (b<< 1 ) the elec- 
tron trajectories in the skin layer are almost straight 
lines, being slightly curved by the wave magnetic 
field. In these conditions the nonlinear effects man- 
ifest themselves in a quadratic approximation in the 
amplitude ~ ( b 4 ~  ~2) .  Therefore, in the leading ap- 
proximation in b 4 the skin effect is described by the 
linear theory, and the surface impedance Z does not 
depend on the amplitude ~ .  The dependence of Z 
on .rfappears only in the next terms of impedance 
expansion in powers of the parameter b4: 

[Z(Yr) - Z ( 0 )  ] /Z(0)  ~ b ' .  (3) 

In the strong-nonlinearity regime (b :~ 1 ) the elec- 
trodynamic properties of the metal are attributed to 
a group of trapped electrons [ 5 ]. This group appears 
due to the spatial distribution of the radio-wave 
magnetic field being sign-variable. The trapped elec- 
trons move along the sample surface in trajectories 
which wind around the plane where the magnetic 
field changes its sign (see fig. 1 ). They remain the 
whole time in the skin layer, and, therefore, interact 
most effectively with the electromagnetic wave. 
Consequently, in the conditions of strong nonline- 
arity the skin effect is determined by trapped elec- 
trons. The relative number of such electrons is of the 
order of (J/R) ~/2, and, according to the inequality 
b:~ 1, it exceeds the relative number of effective 

g 

Fig. 1. Trajectories of  effective electrons in the magnetic field of  
the electromagnetic wave: transient ( 1 ), trapped (2) ,  and skip- 
ping electrons (3) .  x = xo ( t )  is the plane where the magnetic field 
H(x, t)  changes its sign, H(xo, t) =0.  

electrons in the linear theory, d/l. For this reason, in 
the developed nonlinearity (b ~ 1 ) the metal con= 
ductivity increases considerably, and .then the skin 
depth d and surface impedance decrease. 

The dependence of J and Z on the amplitude ~ i s  
easily derived with the aid of Pippard's ineffective- 
ness concept. Within this model the conductivity of 
trapped electrons has the form 

(4) 

where ao is the massive-metal static conductivity. 
From the Maxwell equations the relation between the 
skin depth J and effective conductivity a is ex- 
pressed as 

j2=ic2 /4~toa. (5) 

Substituting (2), (4) into (5), and solving the re- 
sulting equation for J, we obtain 

r - /  5 \ -~  1/5 

4uitod 
Z = -  c----5-- oc3ff -l/s (6) 

Thus, in the strong-nonlinearity regime (b :~ 1 ) the 
surface impedance of the metal depends on the in- 
cident-wave amplitude already in the leading ap- 
proximation. Furthermore, it follows from (6 )and  
(3) that the effect of the quantity orlon the surface 
impedance becomes notable even earlier: in the tran- 
sition region where the parameter b is of the order 
of  unity and the external-signal intensity is relatively 
low. 

Note that the dependence of the impedance Z on 
the amplitude Yfand other parameters of the prob- 
lem is not sensitive to the character of the reflection 
of electrons from the metal surface. Indeed, trapped 
particles, which determine the nonlinear skin effect, 
do not interact with the sample boundary absolutely. 
When the reflection is specular, in addition to trap- 
ped particles, a group of skipping electrons appears 
(see fig. 1 ). Nevertheless, their relative number and 
contribution to the conductivity are of the same or- 
tier of magnitude as the contribution of the trapped 
particles. 

It is an interesting characteristic of the nonlinear 
anomalous skin effect that the electromagnetic field 

391 



Volume 130, number 6,7 PHYSICS LETTERS A 18 July 1988 

in the metal does not contain even harmonics of the 
incident wave. The generation of harmonics occurs 
because of  the dependence of conductivity on time. 
The conductivity, which is a fimctional of the mod- 
ulus of  the magnetic-field strength, has a period ~/ 
w, and comains oniy even harmonics, Hence, the in- 
cident wave of frequency oJ generates only odd elec- 
tromagnetic-field harmonies in the metal. • 

3. Let us consider a metallic sernispace on whose 
surface a plane, monochromatic, electromagnetic 
wave of frequency co mad amplitude afis incident. 
We will orient the x axis aloag the normal into the 
interior of  the metal (x=~0 at the boundary) and the 
y and z axes parallel to the electric and magnetic 
components of the electromagnetic field (see fig. 1 ): 

E(x, t) ={0, E(x, t), 0}, 

H(x, t) ={0, 0, H(x, t)}, (7) 

We investigate the electromagnetic generation of 
a longitudinal acoustic wave in which the vector of 
displacements is 

u(x, t)= {u(x, t), O, 0}. (8) 

The system of equations, which describes this pro- 
cess, is composed of the Maxwell eqaations, Boltz- 
mann's kinetic equation for the electron distribution 
function, and the elasticity-theo~ equation for the 
displacement field a(x, t). In this system of equa- 
tions we Hill desp'me the small terms that are pro- 
portional to some power of m/M,~ I (m is the 
electron mass, M is the ion mass). This implies that 
the solution of the above mentioned system is di- 
videdinto two sta~ In the first stage one resolves 
the problem about the nonlinear perturbation of the 
electronic subsystem by an external electromagnetic 
wave, and about the distribution of the fields E(x, 
t) and H( x, t) in the metal. This stage, in fact, is the 
problem about the noatinear maomaious skin effect, 
resolved in ref. [ 5 ]. The noalit~trity is related with 
the magaetie field H ( x, t ) , and comained in the Lo- 
rentz force of the kinetic eqamion. We will limit our 
attention to the quasistatie case 

o J ~ v ,  (9) 

when the external=wave freqtteacy ¢o is considerably 
smaller than the elecU~onic ,rehv~tion frequency v. 

Inequality (9) permits us to neglect the variation of 
the magnetic field H(x, t) during the whole mean 
free time of the electrons. 

The effect of longitudinal-sound generation is ow- 
ing to a force F ( x, t) in the equation of longitudinal 
vibrations of the lattice. This force is produced by 
the electrons: 

0 2@ 
F ( x , t , = ~ x ( ~ A = ( p , ~ - ~ E X  ) , (10, 

Here (OfF/Oe)x is the nonadiabatic addition to the 
Fermi-distribution function fv and p is the electron 
momentum. In the model of electronic dispersion law 
that we ~ use the component Axx(p) of the defor- 
mation-potential tensor has the form 

Axe(p) = -d~(v2-v2/3) ,  (11 ) 

where rh is the "deformation" mass, v---p/m the 
electron velocity, and vF the Fermi velocity. In the 
expression for the force (10) we considered only the 
deformation mechanimn of the electron-phonon in- 
teraction. The analysis shows that in conditions of 
anomalous skin effect the induction contribution to 
F(x, t) is negligible independent of the degree of 
nonlinearity. In the weak-nonlinearity case (b ,~ 1 ) 
the induction contribution to F(x, t) is (J/t):,*: 1 
times smaller than the deformation contribution, and 
in the strong-nonlinearity case (b ~, 1 ) it is J/R,*: 1 
time smaller. 

It is not difficult to solve the equation of acoustic 
vibrations after reln'eaentln$ the displacement u(x, 
t) and force F(x, t) in the form of a Fourier series: 

oo  

U(X, t ) =  -~n=~_ ~ e -in°'t d k s i n ( k x )  fino,(k), 
0 

7 F(x, t) = ~ ~. e-i'°' dk sin(kx) ff,,o(k). 
n ~  - - o o  

0 

(12) 

In the region x :*, l the solution assumes the form of 
plane-wave superposition: 

u(x,t)= ~ u~exp[in(qx-oJt)], 
n ~  ~ o o  

q=w/s, x:*,l, (13) 

where s is the velocity of the longitudinal sound, the 
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amplitude of the nth harmonic is determined by the 
expression (n ~ 0) 

i k ~.,~(k) (14) 
u. - n~o-oOJS dk  k2 - (nq)  2 

0 

p is the metal density. In the course of the derivation 
of (13) and (14) we have considered that the at- 
tenuation-sound length Is is the largest parameter in 
the problem. Indeed, when the electron-phonon in- 
teraction is not resonant, l, :~ J, Is ~ vF/sq:~ l/q, and 
l , ~ l v / o J ~ l .  

In conclusion, the problem about electromagnetic 
sound generation reduces to the computation of the 
amplitudes u, (eq. (14)). 

4. In the present work with the aid of a detailed 
analysis of conduction-electron dynamics in a radio- 
wave heterogeneous magnetic field the kinetic equa- 
tion for Z was solved, and a general expression for 
the deformation force was obtained. On the basis of 
this expression we could examine both weak and 
strong nonlinearities from the same point of view. 
Moreover, the dependence of the generated-sound 
amplitude on the external-signal amplitude ~ ,  its 
frequency o~, mean free path l, and other parameters 
of the problem, was derived. It is shown that the gen- 
erated longitudinal sound contains only even har- 
monics (2w, 4~o, ...) of the incident wave. It is 
established that the nonlinear electromagnetic gen- 
eration of acoustic vibrations is little sensitive to the 
state of the sample surface. 

For lack of space we will exhibit only the inter- 
polation function which describes the dependence of 
the second-harmonic amplitude (n = 2) of the pro- 
duced longitudinal sound on the quantity Xf: 

2 

lu21= 3n4 --f f  b [ l - - e - l / b ] 2 G ( q d ) ,  

(15) 

1 +x2[  ( x -  1 ) In x + 2 ]  
G(x)= l + x 3 ( x _ l ) l n x  

xV 1 [ l+X3 ~(b-I)/(I,+ + ~ )  1)]. (16) 
L 

This formula was constructed on the basis of the 
found, asymptotically exact, expressions for the 

sound amplitude in the cases of weak (b 4~ 1 ) and 
strong (b :~ 1 ) nonlinearities. It is valid for arbitrary 
values of the parameters b and qd, being accurate up 
to a constant. The depth of the electromagnetic-field 
penetration, $ in eq. (15), is determined by resolv- 
ing the equation 

J=da[ 1 - e x p ( -  l / b ) ]  1/3 , (17) 

where da-is the skin thickness of the linear theory: 

da = (c2l/3n2aoOJ) 1/3. (18) 

Let us analyze the dependence of the amplitude u2 
on the quantity Jfin the cases of small and large val- 
ues of the nonlinearity parameter b (2). In the weak- 
nonlinearity case (b.=: 1 ) the terms with e- 1/b can 
be omitted from expressions (15) and (17). Sub- 
sequently, the depth $ coincides with $=, and the am- 
plitude I u2 [ is proportional to b 4 (b4~ ~2),  that is, 
to the square of the quantity ~ .  

Note that in conditions of weak nonlinearity the 
expansion parameter is b4~: 1. For this reason the 
even harmonics with I nl > 2 are small compared to 
the second harmonic (n=2)  as b21nl-4*$:: 1. 

In conditions of strong nonlinearity (b:~ 1 ) the 
dependence of [ u2 [ (l 5) on the amplitude .~fis de- 
termined by the parameter qJ, since with b :~ l the 
depth J is proportional to ~f-  1/5 (Joc ~ -  1/5). In the 
case q$~  l the function G(q$) is equal to G(0) =2 
in the leading approximation. Then for the ampli- 
tude u2 (15) we find 

~¢2 R 
[/12 I '~' - -  - -  0C ' f f6 /503-3 /5[2 /5 .  (19) 

poWS J 

In the opposite situation, when the sound wave- 
length is considerably smaller than the skin thick- 
ness, q$:*~ l, the function G(qJ) is of the order of 
1/ ( qJ ) 1/2. Hence 

. ~ 2 R  1 
- -  - -  O C J ~ o l 3 / I O ( D - 9 / I O [  3 / 5  ( 2 0 )  In21 ~ poO)S$ ( q j ) l /2  

The case of strong nonlinearity is characterized by 
the fact that the amplitudes of all even harmonics are. 
quantities of the same order. In this case the group 
of trapped electrons gives the fundamental contri- 
bution to those amplitudes. 

5. At low temperatures and in conditions of quasi- 
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static (to ,~ v ) a n o m a l ~  ~ e f f e c t  the case q6,~ l 
(to,~:s/6) is of great intcce~t. Formula (19),  which 
is valid in this case, is easily obtained by making a 
simple analysis. Indeed according t o  (14), when 
qt~ ~: 1 the amplitude of the generated second har- 
monic is described by the following qualitative for- 
mula ( k ~ ~ - l ) :  

[u2 [ =F~/potOS. (21) 

From (10) and ( 11 ) we can derive the relation be- 
tween the deformation force F and the current den- 
sity j: 

F~jmvF/  et~ . (22) 

The expression for the current density j is 

j=oE, E ~ ~ t o ~ / c ,  (23) 

and the conductivity a and skin depth J can be de- 
termined using Pippard's ineffectiveness concept. 
After using expressions (4),  (6),  (21 ) - (23) ,  we get 
the quantity [ u21 in the form (19). 
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