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The electromagnetic generation of longitudinal sound in current states of metals is investigated theoretically. The dependence
of the amplitude of the generated sound on the radio-wave amplitude #, its frequency w, external constant magnetic field A,
electronic mean free path / and other problem parameters, is derived. It is shown that the generated longitudinal sound contains
the full set of multiple harmonics (w, 2w, 3w, ...) of the incident wave independently of the degree of nonlinearity. It is extablished
that the harmonics amplitudes of the excited sound, as functions of the external constant magnetic field Ay, have a h/ysteresis
behavior. The shape variation of the hysteresis loops for the acoustic harmonics amplitudes, with increasing amplitude #, is
studied. Under conditions of developed nonlinearity, sharp changes of the longitudinal sound amplitude in time were found.

1. In the last few years a large number of experi-
mental and theoretical works, devoted to the inves-
tigation of nonlinear electromagnetic phenomena in
metals, has been published (see, for example refs.
[1-15]). In clean metals at low temperatures the
magnetodynamic nonlinearity mechanism, which is
related with the influence of the magnetic wave com-
ponent on electron trajectories’ form and, conse-
quently, on the high-frequency conductivity of the
sample, is the most effective.

In the commonest situation (anomalous skin ef-
fect) for metals, when the skin depth J is much
smaller than the electron mean free path / and the
radius of the curvature R for the electron trajectories
in the wave magnetic field,

d<«l, R=cps/2e¥, (N

the magnetodynamic nonlinearity is characterized by
the parameter b:

b=(2/4)'"2, A=8cppd/el®. (2)

Here #is the radio-wave amplitude, pr the Fermi
momentum, e the absolute value of the charge, c the
velocity of light. The quantity b represents the ratio
of the mean free path / to the electron trajectory

length in the skin layer (8Rd)!/2. For typical metals
the fields’ 4, in which the electron trajectory bends
become appreciable and the magnetodynamic non-
linearity mechanism begins to manifest itself, has a
small magnitude of 0.5-5 oersted.

The magnetodynamic nonlinearity plays an im-
portant role in the process of electromagnetic sound
generation. Thus, for instance, in the absence of the
external constant magnetic field the generation of
longitudinal sound in isotropic metals is due exclu-
sively to nonlinearity [16,17]. In this case the gen-
erated sound contains only even harmonics of the
incident wave. In ref. [17] it was shown that the de-
pendence of the sound amplitude on the radio-wave
amplitude »#, the frequency w, and the electron mean
free path is absolutely determined by characteristics
of the nonlinear anomalous skin effect [2].

It is necessary to note that in the presence of the
external constant magnetic field #, the picture of the
nonlinear effects in metals becomes quite rich and
very interesting. According to this, the inclusion of
the field A, should lead to new curious properties for
the amplitude of the generated sound. One of the
most important and interesting nonlinear effects, ob-
served in the field | Ao} <257, is the excitation of cur-
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rent states [13,14]. When a metal is irradiated by
radio waves of sufficiently large amplitude, a recti-
fied current and a constant heterogeneous magnetic
field appear in the sample. It is noteworthy that the
value A of the induced field for the sample depth, as
a function of the external constant magnetic field 4,
has a hysteresis behavior. The theory that describes
the hysteresis 2 (4,) was formulated in refs. [9-13].

The present work is devoted to the theoretical
analysis of the nonlinear electromagnetic sound ex-
citation in metals in the current state. The depen-
dence of the amplitude of the generated sound on the
amplitude of the external signal 3¢, its frequency w,
the field A,, the mean free path / and other param-
eters of the problem is first derived here. It is shown
that the generated longitudinal sound contains the
full set of multiple harmonics (w, 2w, 3w, ...) of the
incident wave indepently of the degree of nonline-
arity. It is established that the harmonics amplitudes
of the excited sound, as functions of the external
constant magnetic field 5,, have a hysteresis behav-
ior. The shape variation of the hysteresis loops for
the acoustic harmonics amplitudes, with increasing
amplitudes J, is studied. In conditions of developed
nonlinearity (52 1) we found sharp changes of the
amplitude of the longitudinal sound in time, which
are related with jumps of the radio-wave electric field
on the sample boundary [11,12].

2. Let us consider a plane monochromatic electro-
magnetic wave with frequency @ and amplitude »#
incident on the surface of a metallic semispace. We
will orient the x axis along the normal to the surface
into the interior of the sample, and the y and z axes
parallel to the vectors of the electric and magnetic
wave fields:

E(x,t)={0,E(x,t),0}, H(x,t)={0,0,H(x,t)}.
(3)

The external constant magnetic field &, is oriented
collinearly to the vector H(x, t).

We investigate the electromagnetic generation of
a longitudinal acoustic wave in which the vector of
displacement is

u(x, t)={u(x,1),0,0}. (4)

The system of equations which describes this pro-
cess, is composed of Maxwell’s equations, Boltz-
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mann’s kinetic equation for the electron distribution
function, and the equation of elasticity theory for the
displacement field #(x, t). In this system of equa-
tions we neglect the small terms that are propor-
tional to some power of m/M << 1 (m is the electron
mass, M is the ion mass). The Boltzmann equation
is linearized in the electric field E(x, t). The non-
linearity is related with the magnetic field H(x, ¢),
and contained in the Lorentz force of the kinetic
equation. We will limit our attention to the quasi-
static case

<Ly, (3)

where v denotes the electronic relaxation frequency.
Inequality (5) permits us to neglect the variation of
the magnetic wave field H(x, t) during all mean free
times of the electrons.

It is not difficult to solve the equation of acoustic
vibrations after representing the displacement u(x,
t) and the excitatory force F(x, t) in the form of
Fourier series:

(=]

f e inwt f dk sin (kx) (k) ,
0

1
u(x, t)= po

F(x,t)=% 3 e‘i"“”fdksin(kx)ﬁ',,w(k). (6)
(4]

n=-—co

In the region x>» / the solution assumes the form of
a superposition of plane waves:

u(x,t)= 3 uyexplin(gx—owt)],
g=w/s, x»I1, (7)
where g is the wave number, s is the velocity of the

longitudinal sound, and the amplitude of the nth
harmonic is determined by the expression:

i T 1 F (k)
nmpows (nQ)zi;dkkz—-(HQ)z k

Un

n#0. (8)

Here p, is the metal density, F,,(k) denotes the
Fourier component of the deformation force F(x, t),
which is produced by electrons and acts upon the
lattice:
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F(x,t)= 56; D(x, 1),

2dp afF
WAH(P)-(;X, (9)

where (df:/d€)y is the nonadiabatic addition to the
Fermi distribution function f;, p is the electron mo-
mentum, In the model of the electronic dispersion
law that we use, the component 4,.(p) of the de-
formation potential has the form

Axx(p)="m(v§'—%v127) ’ (10)

where #1 is the “deformation” mass, v=p/m the
electron velocity, vr the Fermi velocity.

In the course of the derivation of (7) and (8) we
have used the accurate boundary condition which
considers the deformation contribution [18,19]:

[pos? du(x, t)/dx+@(x,1)]|x=0=0. (11)

In (7) and (8) it was also considered that the at-
tenuation sound length / is the largest parameter in
the problem ([ >4, [~ve/sq>1/q and [ ~Ilv/
w>1).

Let us emphasize that formula (8) was obtained
for the case when the deformation force gives the
fundamental contribution to u,, and consequently to
u(x, t). The analysis shows that the induction con-
tribution to u(x, t) is negligible in comparison with
the deformation one when the inequality

(¢l/b)*th(b?)>1 (12)

D(x,t)=

is satisfied.

3. In the present work with the aid of a detailed
analysis of the conduction-electrons’ dynamics in a
heterogeneous magnetic field H(x, ¢) +ho, the non-
linear kinetic equation was solved, and we have found
X- A general expression for the deformation force has
been obtained. On the basis of this expression we ex-
amine the cases of weak (b<1) and developed
(bz 1) nonlinearities.

In conditions of weak nonlinearity and a small
magnitude for the external field A,:

ho, 2 <4, (13)

the magnetic field slightly curves the electron trajec-
tories in the skin layer, and in leading order ap-
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proximations in Ay/4 and b2, the first (n==x1) and
second (n= 12) acoustic harmonics are generated.
Other harmonics (n=*3, =4, ...) are of higher or-
ders in the small parameters hy/4 and b2 The am-
plitude of the first harmonic (n=1) has the form

2
i m ho¥ (1
=i m Pos (6,,) G(a5.) »
c+ico
G(gd,) = dz M(z)(gd,)*"'z(z+1)
—1<c;|_{ie°:<l—zo
sin?(nz/2)
sin?(nz) (14)

Here p represents the probability of specular reflec-
tion of electrons from the boundary, z,= (arccosp)/
T, &, is the skin thickness of linear theory,

6, = (c?l/3n%0,0)'3, (15)

T, is the massive-metal static conductivity. The ex-
plicit form of the function M(z) is exhibited in refs.
[20,21].

In leading order approximation in b2 the second
amplitude u, coincides with the result obtained for
ho=0. This amplitude was calculated in refs. [16,17].

From the result (14) it follows that the first har-
monic of the longitudinal sound is excited because
of the presence of the external constant magnetic field
ho. Expression (14) for u,, valid under conditions
(13), coincides with the result found in the linear
theory when b=0. In contrast with the excitation of
the first harmonic, the generation of the second har-
monic is due to the heterogeneity of the magnetic
wave field H(x, t), and it is not connected with the
presence of the external field 4. Other acoustic har-
monics (3w, 4w, ...) appear owing to the interfer-
ence of the first and second harmonics.

4, In the region of external magnetic fields
| Aol <25#, where current states are excited, the re-
gime of developed nonlinearity (b2 1) is character-
ized by the fact that some of the electrons are trapped
by the resultant heterogeneous magnetic field H(x,
t) + hg in the time intervals, when

2 cos(wt) +hy

hhe <0. (16)
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During this time the spatial distribution of the field
H(x, t) + hq is variable of sign, and, precisely for this
reason, in the metal a group of trapped electrons ap-
pears with trajectories that wind around the plane
where the magnetic field changes its sign. The pe-
riodic appearance and disappearance of the group of
trapped electrons causes the jump-like time-depen-
dence of the metal conductivity and, as a conse-
quence, the effect of current rectification.

Under conditions of current states the harmonic
amplitudes u, in (7) are of the same order of. mag-
nitude. Considering that at low temperatures under
conditions of the quasistatic (<< ) anomalous skin
effect the case gd < 1 (w<s/d) is of great interest,
we will show the asymptotically exact expression for
u, in the situation 4> 1, gd<<1 and R> [

- 41;;/3 U(—1)"® sin(B) sin(nB)u*>

® nur+i\/§[r2—2(nﬂ)2]
2 r3r—p?)[rr = (np)?]

(17)

Here we have introduced the following notation:

_ 4 m #* R

U= ﬁ—sr—n'mz(qaa)za (18)

u=(rn—p)/n, P=arccos[(hy/25)sign(%)],
(19)

where 6(X) is the Heaviside function, &= (h,+
h)/ 2.

Let us remark that with 4> 1 the induced field A
and, therefore, sign(%) in (17), (19) (]&| <1), are
double-valued functions of the field 4, [ 9,10,13).
Hence, the found amplitude u, (17) also turns out
to be a double-valued function of 4,. Graphs of the
amplitude |u,| (n=1, 2, 3) are shown in figs. 1-6
(see b—co).

It is interesting to note that the number of terms
in (17), which determines the fundamental depen-
dence of u, on Ay, is equal to |n| (r<n).

Result (17), as well as the results of sections 5 and
6, is referred to as the diffuse reflection of electrons
from the metal boundary (p=0).

5. The comparison of the results obtained in sec-
tions 3 and 4, shows that in the case of weak non-
linearity (b<< 1) the dependence of the amplitudes

PHYSICS LETTERS A

5 December 1988

-1 0 1

Fig. 1. Computational results for the amplitudes of the first har-
monic (|u,]) with sign(%) >0 and different values for parame-
ter b.

u, on A, is single-valued, and in the regime of strong
nonlinearity (5> 1) it is non-single-valued. Subse-
quently, there is a critical value b.~ 1 with a corre-
sponding amplitude value # =4/2b2, at which that
non-single-valued nature appears for the first time.
In this section we will study the appearance and de-
velopment of the non-single-valued dependence of
U, on h,.

On the basis of the found asymptotically exact
expressions for the deformation force in conditions
of weak (b<< 1) and strong (5>> 1) nonlinearities,
we have constructed a model for this force, which is
valid for arbitrary b. With its aid we were able to in-

lu2| /U
20
b=3
mC
200
b oo _/ he/ 2%
a a 1

Fig. 2. Computational results for the amplitudes of the second
harmonic ()u,)) with sign(£) >0 and different values for pa-
rameter b,
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Fig. 3. Computational results for the amplitudes of the third har-
monic (|u;3|) with sign(x) >0 and different values for parame-
ter b.

vestigate the sound generation in the region of am-
plitudes 3, where the current states originated.
According to this model, the expression for ampli-
tudes u,, (8) with gé« 1 and R>> 1 has the form

U, =in( 1) 4[2“9 et

a#2/3

o § exp[iusign(r)/6]< sin[ (1+r/pa)B]
PR [r}t/3 (1+r/po)(1+r/p)

sin[ (1—r/ua) Bl )
(1=r/pa)(1~r/p)

8
X (I do th{b?[hy sign (k) /24 —cos(@) ]}
Xcos[ (n—r/po)e]

n—p
+(=1)"*" j do th{b2[h, sign(k) /2#
0

+c05(¢)]}cos{(n—r/u)¢])- (20)
In (20) have we used
_ 1 _ n—p+B/c

S 1ewG/birly T x (21)
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Fig. 4. (a)-(f) Schematical representation for the shape varia-
tion of the hysteresis loops | u, (/) ] with increasing incident-wave
amplitude 5 (b).

The quantity « represents the ratio of the conduc-
tivity, due to trapped electrons, to the metal con-
ductivity when there are not these particles. The
parameter u in (21) was obtained as a result of the
time averaging of the metal resistance divided by its
value when the field H(x, t) + A, is sign-constant.
The induced field, present in # (K=(ho+
h)/25¢), is obtained by resolving the equation [13]

h12# ={[1—(he/25#)?]"/?sign(K)}
X {arccos| — (h/25¢) sign(k) ]
+rnlexp(1/blR|)-1]}"". (22)

The parameter b grows as the amplitude Jis in-
creased, and when b=b_ the dependence of 4 on A,,
determined by relation (22), becomes non-single-
valued. In the region > b, this dependence has a
hysteresis behavior [9,10,13]. It is natural to expect



Volume 133, number 9

tu /U

ho/27

1
3

O
—_

MR
HbD

a

vl

"
NE

Fig. 5. (a)-(f) Schematical representation for the shape varia-
tion of the hysteresis loops | #2(4,) | with increasing incident-wave
amplitude # (b).

that the hysteresis dependence of the induced field
h on the external field A, has to produce the hyster-
esis of the acoustic harmonics amplitudes u, (20),
the magnitudes of which depend on the magnetic
fields 2 and A,.

The computational results for the dependence of
the first-, second-, and third-harmonic amplitudes of
the generated longitudinal sound on the external
constant magnetic field Ao, for distinct values of the
nonlinearity parameter b (of amplitudes ), are
shown in figs. 1-3. With sufficiently small ampli-
tudes s, when the parameter b is smaller than a crit-
ical value b.~ 5, the dependence {u, (ho) |, {u2(ho) 1,
lus(ho)| are single-valued. At b= b,, points with ver-
tical tangents appear in the graphs of |u,(%)],
luz(ho) | |u3(ho) |, and with b> b, these amplitudes
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Fig. 6. (a)-(g) Schematical representation for the shape varia-
tion of the hysteresis loops | u3( 4o} | with increasing incident-wave
amplitude ¥ (b).

become non-single-valued functions of the external
magnetic field. The instability of the solutions
lua(ho)} (n=1, 2, 3) on the intervals enclosed be-
tween points h% where the derivative
d|u,(h3)|/dh, tends to infinity, causes amplitude
jumps at ko =h3. Therefore, beginning at the value
b=b. (# =), the dependence of amplitudes |u,|
on h, acquires a hysteresis character. Sets of hyster-
esis curves |u,(ho)| (n=1, 2, 3) are schematically
drawn in figs. 4-6. Naturally, the quantities b, and
h? for amplitudes |u,(hs)| coincide with the re-
spective values for the dependence of 4 on A,

The hysteresis loops for amplitudes |u,|, n=1, 2,
3, are appreciably distinct from each other. This is
evident with |A,/25| -1, when the resultant field
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H(x, t)+ h, becomes sign-constant at each moment
and the trapped electrons disappear. Weakening the
nonlinearity, the amplitudes |u,|, |u;| decrease in
comparison with |u,|. At Ay=0 the amplitudes of
the first and third harmonic vanish. This is related
with the fact that in the absence of an external con-
stant magnetic field, only the even harmonics (2w,
4w, ...) are generated [16,17]. Note that hysteresis
loops of amplitudes |u,| for |n]>3 are similar to
loops of the amplitude for the third harmonic
fus(ho) .

6. Finally, we will exhibit one more result which,
in our opinion, is of great interest. It turns out that
in conditions of developed nonlinearity and with
go< 1, the sound field u(x, t) (7) in the region x>/
is determined by the behavior of the electric field
E(0, t) on the metal surface x=0:

1 m cpe

WX == 35 e

X sign[2#cos(wt—gx)+h1E(0,t' ) +uq,
t'=t—-x/s. (23)

Note that in the dependence (23) for the sound field
there are also delta-function spikes, which corre-
spond to times when the resultant magnetic field on
the sample boundary vanishes.

Inrefs. [11,12] it has been shown theoretically and
experimentally that the electric field E(O, ) expe-
riences jump-like alterations due to conductivity
jumps at the moment of appearance and disappear-
ance of trapped particles in the sample. Under con-
ditions (16) when the resultant magnetic ficld in the
sample is sign-variable, the amplitude E(O, ¢') is
(1/a)'* <« 1 times smaller than the characteristic
amplitude of the electric field at times, when there
are no trapped electrons. From (22) it follows that
jumps, similar to jumps of E(0Q, '), should be ob-
served in the total displacement u(x, ¢)=u(g)
(p=wit—qx) within each sound-wave period
(u(p+2n)=u(gp)). Since the argument of displace-
ment u(¢)=u(wt—qgx) contains the “retardation”
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parameter gx, the jumps of amplitude u(p) occur at
times x/s later than jumps of the electric field E (0,

t).

References

[1] V.T. Dolgopolov, Usp. Fiz. Nauk 130 (1980) 241.

[2] O.1. Lyubimov, N.M. Makarov and V.A. Yampol’skii, Zh.
Eksp. Teor. Fiz. 85 (1983) 2159.

[3] V.T. Dolgopolov and L. Ya. Margolin, Pis’ma Zh. Eksp.
Teor. Fiz. 17 (1973) 233.

[4] V.T. Dolgopolov and S.S. Murzin, Pis’ma Zh. Eksp. Teor.
Fiz. 23 (1976) 213.

[S]V.V. Boyko, L.V. Ovchinnikova and G.N. Landysheva,
Pis’ma Zh. Eksp. Teor. Fiz. 32 (1980) 432.

[6] V.T. Dolgopolov and P.N. Chuprov, Solid State Commun.
48 (1983) 165.

{71LF. Voloshin, S.V. Kravchenko and L.M. Fisher, Dokl
Akad. Nauk SSSR 287 (1986) 107.

[8] G.1. Babkin and V.T. Dolgopolov, Solid State Commun. 18
(1976) 713.

[9] N.M. Makarov and V.A. Yampol’skii, Pis’ma Zh. Eksp. Teor.
Fiz. 35 (1982) 421.

[10] N.M. Makarov and V.A. Yampol’skii, Zh. Eksp. Teor. Fiz.
85 (1983) 614.

[11]1 N.M. Makarov and V.A. Yampol'skii, Fiz. Nizk. Temp. 11
(1985) 482.

[12] N.M. Makarov, V.A. Yampol'skii, L.F. Voloshin, S.V.
Kravchenko and L.M. Fisher, in: Tezisy dokladov 23.
Vsesoyuznogo soveshchaniya po fisike nizkikh temperatur
(Abstracts of papers presented at the Twenty-third All-
Union conference on low temperature physics), Tallin
(1984) p. 140.

[13]1 N.M. Makarov, I.V. Yurkevich and V.A. Yampol’skii, Zh.
Eksp. Teor. Fiz. 90 (1986) 224.

[14] L.V. Yurkevich and V.A. Yampol’skii, Fiz. Nizk. Temp. 12
(1986) 37.

[151E.A. Kaner, N.M. Makarov, 1.V. Yurkevich and V.A.
Yampol’skii, Zh. Eksp. Teor. Fiz. 93 (1987) 274.

[16] A.N. Vasiliev, M.A. Gulyansky and M.I. Kaganov, Zh. Eksp.
Teor. Fiz. 91 (1986) 202.

[17] N.M. Makarov, F. Pérez Rodriguez and V.A. Yampol’skii,
Zh. Eksp. Teor. Fiz. 94 (1988) 324.

[18] G.I. Babkin and V.Ya. Kravchenko, Zh. Eksp. Teor. Fiz. 61
(1971) 2083.

[19]1 AM. Grishin and E.A. Kaner, Zh. Eksp. Teor. Fiz. 63
(1972) 2304.

[20] L.E. Hartmann and J.F. Luttinger, Phys. Rev. 151 (1966)
430.

[21] E.A. Kaner, O.I. Lyubimov and N.M. Makarov, Zh. Eksp.
Teor. Fiz. 67 (1974) 316.



