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We have studied theoretically and experimentally a non-linear interaction of  a radio wave with a transport current in high-To 
ceramics in the critical state. It was established that for currents I lower than the critical value Ic the dependence of the surface 
impedance of  a sample on a transport current is connected with the dependence of the critical current density on the self-magnetic 
field of  a current. When a sample transits to the resistive state and the longitudinal electric field appears, the ment ioned interac- 
tion leads to sharp decreasing of  screening currents. Accordingly, the AC field penetration depth increases. The real part of  the 
surface resistance, as a function of  the current/ ,  has a m a x i m u m  in the region near I~/~. If the frequency of a radio wave increases, 
the position o f  this m a x i m u m  is displaced to the region of  higher currents. We should like to note that it is impossible to explain 
an observed phenomenon if one considers ceramic media in the resistive state on the basis of  the usual skin effect in normal metal. 

1. Introduction 

The investigation of the electromagnetic proper- 
ties of  high-To samples permits one to obtain im- 
portant information about different intrinsic char- 
acteristics of  these materials. For example, using the 
measurements of  the surface impedance Z of ce- 
ramic plates of  cylinders, we have developed a new 
contactless method for the determination of the 
magnetic field dependence of the critical current 
density Jc(B) [1 ]. Some of us have shown that the 
measurement of  the surface impedance dependence 
on a transport current I is an effective tool for find- 
ing the value of the critical current Ic with high ac- 
curacy [2 ]. When the transport current reaches the 
critical value Ic and a sample transits to the resistive 
state, the surface resistance ~ begins to increase 
sharply to its maximum value (see fig. 1 of  paper 
[2]) .  

Similar maxima in the dependences of  the surface 
resistance on different parameters such as temper- 
ature, external magnetic field, frequency etc. have 

been observed in a number of papers beginning from 
1987. The physical nature of  these maxima is con- 
sidered as well established. The simplest explanation 
can be obtained on the basis of the old paper [3 ]. 
When one of the mentioned parameters is changed, 
the AC magnetic field penetration depth ~ changes 
too. At some value of the external parameter, the 
penetration depth ~ proves to be equal to the thick- 
ness d of  a superconducting plate or to the radius R 
of a cylinder sample. According to ref. [ 3] an elec- 
tromagnetic absorption has a maximum in this case. 

One can think that the nature of the maximum in 
this fig. 1 can be easily explained in the same way. 
As a matter of  fact, while a sample is in the super- 
conducting state ( I <  Ic) and AC magnetic field am- 
plitude Hm is small, the AC penetration depth and 
electromagnetic losses are very small too. When cur- 
rent I exceeds lc, the sample is in the resistive state 
and this system, from the first point of view, reminds 
one of a normal metal having bad conductivity. In 
this case, the AC penetration depth may be much 
greater than the sample size and the losses are again 
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small. Naturally, 5 may compare with the sample size 
in the intermediate region I---I~ and the surface re- 
sistance ~ must have a maximum here. 

A simple but more careful consideration shows that 
this point of view is superficial.We can evaluate the 
effective conductivity a of our sample in the region 
of a maximum of ~ ( I )  using the usual V-I plot pre- 
sented in fig. 1. The result of  such a calculation gives 
a >  1020 s -  ~. Using the formulae for 5 in the case of 
a normal skin effect, we obtain that the penetration 
depth proves to be much smaller than 1 mm while 
the diameter of  our samples was 10 ram. Thus, we 
can see that the simple consideration of supercon- 
ducting ceramics in the resistive state as a metal me- 
dium is invalid. We can conclude that the real nature 
of a maximum of ~ (I)  is connected with the non- 
linear interaction of a transport current with an elec- 
tromagnetic wave in a ceramic sample. 

This paper is devoted to the description of such an 
interaction. Below, we shall show that the observed 
phenomenon is the result of  the specific properties 
of  a superconducting ceramic medium described by 
the critical state model. In the framework of this 
model, the absolute value of the current density is 
equal to the critical value Jc independently of  the 
electric field E. When both the transport current I 
and and AC field exist in a sample, the full current 
in ceramics contains two components (longitudinal 
component Jz and screening one Jscr). As was shown 
in refs. [4,5 ], these components are flowing in sep- 
arate parts of  a sample and so the absolute values of  
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Fig. 1 .The V-I  characteristic of the sample in a double logarith- 
mic scale. 

each of them are equal to Jc. The transition of a sam- 
ple to the resistive state changes the situation radi- 
cally and leads to the mixing of both these currents 
in the full region where AC field exists. The direction 
of a total current J is parallel to the vector of  electric 
field E: J=Jc.E/E. So, at large Ez a total current is 
oriented almost along the sample z-axis. For this rea- 
son a sharp decreasing of screening currents and an 
increasing of the penetration depth take place. So, as 
a result of such specific interaction between the 
transport current and AC field, the penetration depth 
proves to be much higher than one calculated by the 
simple formula for the usual skin effect. 

2. Theoretical 

It is well known that the electrodynamics of high- 
Tc superconductors may be described by the critical 
state model [ 6,7 ] in a wide range of magnetic fields 
as well as of amplitudes and frequencies of electro- 
magnetic waves. In particular, the equation describ- 
ing the distribution of the magnetic induction B in- 
side a ceramic medium has the form [7,4 ] 

curl B =  (4~/c)./tJ~ ( B ) . E / E .  (l) 

Here, E is the electric field, jz is the effective mag- 
netic permeability of  ceramics where only the intra- 
granular currents are taken into account; J¢ (B) is the 
critical intergranular current density depending on 
the magnetic induction; and c is the speed of light. 

Let us consider a high-T¢ ceramic sample having 
a cylindrical form with radius R which is placed in 
an external magnetic field having the form: 

H(t) = H  m cos o~t. (2) 

Let the transport current I flow through the cylinder 
along its z-axis. We shall consider the case of  a small 
amplitude Hm: 

Hm <<B*/#, (3) 

where B* is the magnetic induction scale where the 
critical current density Jc decreases noticeably. Ac- 
cording to eq. (3),  the critical current density Jc(B) 
in eq. ( 1 ) depends only on the self-magnetic field of 
a transport current. Besides, we shall suppose that 
the next inequality is fulfilled: 
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H m  << 4 n R J c / c .  ( 4 )  

In this case, the AC magnetic field penetration depth 
A..~cHm/4~,Jc is less than the sample radius R in a 
full range of critical current changing from zero to I¢. 
In the examined situation, the self-magnetic induc- 
tion B of the current I does not differ noticeably from 
its value B,(R)  on the sample surface in the whole 
region of a sample where the AC magnetic field exists: 

B.~B~(R)=2ld /Rc .  (5) 

So, the critical current density J¢ in eq. ( 1 ) is de- 
fined by the full transport current I: 

Jc(B) =J¢(B, (R) ) = J ¢ ( I ) .  (6) 

Furthermore, to investigate the interaction between 
the transport current and the external radio wave, we 
shall consider the dependence of the surface imped- 
ance of sample on the transport current I as a phys- 
ical parameter characterizing this interaction. The 
surface impedance Z is defined in our geometry by 
the relations: 

Z = : ~ -  iY'= (8~/c)E,o(R)/Hm, 
2n/eo 

tQ 

Eo~= (tn/2~) } E(t)  exp(io~t) d t ,  (7) 
o 

where ~ and ~r are the surface resistance and the 
surface reactance, respectively. 

I f  the transport current I is less than I¢, only the 
azimuthal component of  the electric field exists. So, 
the critical state eq. (1) may be re-written in the 
simple form 

OBz/Or = - (4n/c)gJ~ (I) sign E , ,  ( 8 ) 

where r is the radial coordinate. The second Max- 
well's equation, which connects the fields E~ and Bz, 
has the form 

OEJOr+EJr= - (l/c)OBz/Ot. (9) 

The boundary conditions for eqs. (8) and (9) have 
the form: 

Bz(R, t) = ~J-/m cos rot, E,(0,  t) = 0 .  (10) 

Omitting the simple mathematical transformations, 
we give here the final expression for the surface 
impedance: 

Z =  (2/37t) [ut.oHmlcJc(l ) ] 

× ( 1 - 3nI /4) ,  I<Ic.  ( 11 ) 

We can see that the surface impedance is a function 
of rim even for small values of  the AC magnetic field 
amplitude. This result is connected with a linear in- 
crease of  the AC field penetration depth/1 into a 
sample when Hm increases and, as a consequence, 
with a squared increase of the electric field E~(R, t). 
The impedance phase multiplier in eq. ( 11 ) is also 
unusual. 

Let us note that the result ( 1 1 ) is analogous to the 
expression for the surface impedance of a sample 
placed in an external DC magnetic field Ho in the 
absence of a transport current [ 8,1 ]. The difference 
consists in the substitution of the external DC mag- 
netic field 11o with the self-magnetic field B~(R) of 
a transport current. In connection with this conclu- 
sion, the function Jc(l) appears in the denominator 
of  relation (11). Earlier [5,1 ], a new contactless 
method was developed to determine the local critical 
current density in ceramics and its dependence on B. 
This method is based on the obvious connection of 
the surface impedance and the function Jc(B). It is 
clear that this function may be re-established, using 
relations ( 1 1 ) and (6) and the results of  the mea- 
surements of  the surface impedance, as a function of 
the transport current I. 

Let us now consider the more interesting situation 
when the transport current is higher than the critical 
one. In this case, as is well known, a sample transits 
to the resistive state, i.e., a longitudinal electric field 
E~, parallel to the transport current, appears. Until 
the electric field E~ is small and does not exceed the 
characteristic value of azimuthal electric field E¢, 

E~ <E¢ ~ IzH2mm/[ 8m/c (I)  ] ,  (12) 

the result ( 11 ) remains qualitatively correct. In the 
c a s e  

E~ >> ltH2mOg/[8nJc(I) ] ,  (13) 

the picture of  AC magnetic field penetration into a 
sample changes radically. As we can see from eq. ( 1 ), 
the significant decrease of  the azimuthal component 
of  the current density occurs at the condition (13): 

J~, ~Jc(I¢)E¢/E <<J¢(Ic) . (14) 



164  L.M. Fisher et al. / Interaction o f  transport current with electromagnetic wave 

This means that the transition of a high-To sample 
to the resistive state leads to an abrupt drop of the 
screening current Jr: the direction of the vector of 
the current density Jc=J~E/E proved to be approx- 
imately parallel to the z-axis. Maxwell equations (eqs. 
( 15 ) and (9) ) for an AC field at the condition ( 13 ) 
acquire the form typical for the normal skin effect: 

OBz/Or= - (4n/c)a~rfE~, (15) 

where ae~ is the effective conductivity depending on 
the value of the transport current I, 

a~rr=/Jc(Ic)/Ez.  (16) 

The system of eqs. ( 15 ) and (9) is a linear system 
with respect to the fields B~ and E~. Its solution, tak- 
ing into account the boundary conditions (10), gives 

Bz(r, t ) = R e [ B ( r )  e x p ( - i m t )  ] , 

B(r)  = ItHm [Jo(ir/6) /Jo ( iR /6)  ] ,  ( 17 ) 

6=d. (1  + i ) / 2 ,  62 =c2/(2u~errog). (18) 

Here, 6. is the effective skin-depth, Jo is the Bessel 
function. The expression for the surface impedance 
has the form: 

Z =  (4~it6o~/c 2) [J~ ( i R / d ) / J o ( i R / 6 )  ], 

I>I~.  (19) 

On the basis of eqs. (16) and (18), we can see that 
the effective conductivity aerr decreases quickly and 
the skin-depth 6~ increases when the electric field Ez 
grows. Due to quick increasing of 6~, the argument 
of the Bessel functions in eqs. (17) and (19) changes 
from a value higher than unity to a small quantity in 
comparison to unity. If  the electric field E~ is not very 
high and satisfies the inequalities 

ItH2m~ol [ 8rd~ (Ic) ] << E~ 

<< 4uito)J~(I¢)R2/c , (20) 

the skin-depth d. (18) proves to be much smaller 
than the sample radius R. In this case, we can use the 
asymptotic expansion of the Bessel function for large 
arguments. As a result, instead of relations (16), 
( 17 ) and (19), we obtain the following expressions 
for the field B(r)  and for the surface impedance Z 
in the case 6. << R: 

B( r) = itHm( R / r  ) ~/2 exp[ - ( R - r ) ~ 6 ] ,  

6n <<r, R ,  (21) 

Z =  - -  4 ~ i t O ) 6 / C 2  = (It~C) ( 1 - i )  (2nm/~re~f)1/2 

= [2~itog/Jc(i)c 2 ] 1/2( 1 - i )E~/2  . (22) 

The surface impedance increases quickly when a 
transport current I and, therefore, the electric field 
Ermz increase abruptly. During this process, the real 
and imaginary parts of the surface impedance prove 
to be equal to each other. If  the field Ez increases, the 
penetration depth of the AC field increases also, and 
at some value of Ez the inequality (20) is changed 
to an opposite one. In the case when 

Ez >> 4rcitO)Jc(l)R2/c 2, or R << 6n, ( 23 ) 

the AC field penetrates into the whole sample. In such 
a situation the asymptotic expression for the surface 
impedance at small values of parameter R /6 ,  has the 
form: 

Z =  - 2niitmR ( 1 +iR2/482n)/C 2 

= -2~ii togR/c2+ ~ito)2R3Jc(I)/c4. (24) 

The imaginary part of the impedance 5 r reaches a 
maximum value 

~Cma x = 21~itogR/c 2 , (25) 

but the real part decreases when Ez grows, 

= Re ZQc E~- ~ . (26) 

So, owing to the dependence of the critical current 
density on magnetic field, the surface impedance of 
a ceramic sample increases slowly when the trans- 
port current rises from zero to Ic. Increasing of the 
transport current is accompanied by decreasing of 
the screening current J ,  that leads to the growth of 
the penetration depth of the AC field and, accord- 
ingly, of  the surface impedance. When a sample 
transits to the resistive state ( I>Ic ) ,  the screening 
currents decrease abruptly owing to the appearance 
of a longitudinal electric field Ez. In this region of 
current/ ,  the surface impedance is described by the 
formulae of the normal skin effect. At first, when 
6, << R, the real and imaginary parts of  the surface 
impedance are equal to each other and are an in- 
crease function of Ez. Then, in the region 5n >> R, the 
real part of the impedance begins to decrease but the 
imaginary part tends to its limited value 5fmax (25). 
This means that, in the intermediate region, 
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f i .~R,  or E ~ 4 ~ / . t o ) j ~ R 2 / c  2 (27) 

and the real part of  the impedance has a maximum 
the height of  which may be evaluated by the formula: 

~ m a x  ~ 2 ~ / 2 o ) R /  c 2 . (28) 

The nature of this maximum is analogous to the ef- 
fect of  Fisher and Kao [ 3 ], well known in the theory 
of the normal skin effect in normal metals. Increas- 
ing of the impedance at ~ < R is connected with the 
growth of the AC field penetration depth into a sam- 
ple. Diminishing of the surface impedance at 5. > R 
is conditioned by the transparency of the sample, and 
the AC electric field component which is in phase 
with the AC magnetic field effectively decreases. It 
needs to be noted that, owing to the fast growth of 
a longitudinal electric field Ez with increasing I in 
the resistive region, the maximum of ~ ( I )  proves to 
be sharp enough. 

3. Experimental 

Figure 2 shows the experimental dependence of the 
real and imaginary parts of  the surface impedance 
on transport current for the sample of  yttrium ce- 
ramics having size 5 × 6 X 7 mm 3. These results were 
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Fig. 2. The dependences of  the real ~ and imaginary ( 5 r ) parts 
of  the surface impedance on a current I, o~/2~= 1000 Hz, Hm= 1 
Oe. 

obtained at an amplitude of the external magnetic 
field of 2 0 e  and at a frequency of 1 kHz. The form 
of the curves ~ ( I )  and ~r(I)  corresponds com- 
pletely to the theoretical analysis presented above. A 
slow growth of the impedance in the region I<< Ic is 
changed by the abrupt dependence in the resistive 
region. The value of Ic for this sample is equal to 20 
A. 

The position of the maximum of ~ (I)  depends on 
the frequency of the AC field: increasing the fre- 
quency leads to the displacement of this maximum 
to higher currents (see fig. 2). This fact obtains a 
simple explanation in the framework of the consid- 
erations given above. As a matter of fact, according 
to relation (27), defining the position of the maxi- 
mum as a function of the electric field Ez, we may 
find that at higher frequency the maximum must be 
observed at the higher Ez and accordingly a higher 
current L As follows from the analysis of  I I -1  plots 
in the region I >  I~, the field Ez is described by the 
power dependence on the difference I -  Ic (see fig. 3 ): 

E ~ ( I - I c ) " ,  a = 5 . 6 7 .  (29) 

This means that the position/max of the maximum 
of ~ (I)  must depend on frequency as; 

Imax- - Icoc  09 l/'~ . (30) 

This result is in good agreement with the experi- 
mental data (see fig. 2). 

It needs to be noted that the employment of our 
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Fig. 3. The dependence of  the max imum position l~ax of  the 
function ~ (I) on frequency in a double logarithmic scale. 
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model of the critical state is invalid at high frequen- 
cies and the position of the maximum of ~ ( I )  is dis- 
placed to the region of higher currents. At high cur- 
rents one needs to add an additional item connected 
with the "supercritical" state: 

curl B =  (4n#/c)  [Jc(B) + A E  1/°~ ] " E / E ,  (31) 

where A = const. We wrote the formula (31 ) in ac- 
cordance with the character of the 11-1plot discussed 
above (see (29) and fig. 1 ). 

Using (31 ), we can improve the relation for the 
effective conductivity creff: 

treff=IJc(I)/gz +pA/gz(c~- 1 ) / a .  (32) 

When Ez is not very high, i.e., I is near Ic, the main 
item in the sum (32) is the first one. However, this 
item decreases more quickly with Ez than the second 
item. As a result, we have competition between two 
different mechanisms of forming an effective con- 
ductivity tr~ff. So, at high frequencies, relation (21 ) 
becomes invalid for the description of the maximum 
position. Instead of this relation, the next correlation 
becomes correct: 

/max - - / c  9C(D l / ( ° t -  1 ) • (33) 

This means that the displacement of the maximum 
position, as a function of 09, grows faster than at low 
frequencies. 
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