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Size effect in hard superconductors at unilateral excitation
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It is shown that size effect plays an important role in the ac response of hard superconductors no
only at bilateral but at unilateral excitation as well. This effect manifests itself in the ac amplitude
dependences of the surface impedance and absorptivity. We find that the absorptivity of a
superconductor has always a prominent maximum independently of the dielectric properties of th
substrate. This statement is demonstrated by theoretical calculations performed within the critica
state model. ©1995 American Institute of Physics.
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The size effect is well known in the electrodynamics
metals1,2 and superconductors.3–8 This effect has not only
academic interest but also plays an important role in ap
cations. For example, it is used as a basis of the new c
tactless method for testing critical parameters
superconductors.8

The size effect at bilateral excitation manifests itself a
steplike change of the imaginary partX of the rf surface
impedanceZ5R2 iX ~of the real part of dynamic mag
netic susceptibility! and as a peak inR ~in the imaginary part
of magnetic susceptibility! versus ac frequency, temperatur
external magnetic field and other parameters of the probl
Such peculiarities of the surface impedance were obser
for instance, in Refs. 9–11. It is noteworthy that some
thors tried to explain experimental results in terms of
inverse relaxation time of the vortex system,12 intravalley
oscillations13 and intervalley transitions12,14 of the vortex
lines, thermally assisted flux flow.15 However, Geshkenbein
et al.7 attributed these peculiarities namely to the size effe
Thus the size effect should be taken into account in the
terpretations of all experiments at ac bilateral excitation.

Usually, the size effect is explained in the following wa
Let us consider the bilateral, symmetric in ac magnetic fi
~antisymmetric in ac electric field!, excitation of a supercon
ducting plate. If the penetration depthd of the ac field is
much less than the plate thicknessd, the impedanceZ is
small asd/d!1 and increases withd. In the opposite case
when d@d, the ac electric field is small because it has d
ferent signs at the plate boundaries and does not vary p
tically within the whole sample volume. Therefore, the val
of R turns out to be small again and decreases asd is in-
creased. This means thatR should have a maximum atd;d.
Thus in order for the size effect to take place, it is importa
to have two ac signals irradiating both sample boundar
For this reason there exists an agreed-upon point of view
the size effect can be observed only at bilateral, symmetri
the external ac magnetic field, excitation.

The aim of this letter is to show that the size effect tak
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place at unilateral excitation just as at bilateral one. The e
ternal ac signal and the wave reflected from the interfa
superconductor substrate play the roles of two necess
waves to observe the size effect.

This fact is not only of fundamental interest, but hold
significance for applications. Indeed, a lot of experiments a
performed namely at the unilateral excitation and all ac e
periments with superconducting films concerning this pro
lem.

We shall demonstrate the size effect at unilateral exci
tion by the following simple example. Let a superconductin
infinite plane-parallel plate overlies a substrate with diele
tric constante. Thex axis is normal to the plate boundaries
The free boundary of the superconductor is atx50 and the
interface superconductor substrate atx5d. The boundary
x50 is irradiated by an external ac magnetic field, directe
along the plate surface~along thezaxis! and having the form

H~ t !5H0 cos~vt !. ~1!

The magnetic inductionBW (x,t) contains thezcomponent and
the electric fieldEW (x,t) has they component only.

The electrodynamic properties of the superconduct
will be described within the critical state model16 which is
valid in a wide range of ac amplitudes and frequencies~see,
for example, Ref. 17!. In the assumed geometry the Maxwe
equations are written as

2
]B

]x
5
4pm

c
j c sgnE,

]E

]x
52

1

c

]B

]t
. ~2!

Here, j c is the critical current density andm51 for monoc-
rystals and films. For ceramic samplesj c is the critical den-
sity of intergranular current and factorm represents the ef-
fective magnetic permeability~0,m,1! which allows for
intragranular currents.18 The first equation in Eqs.~2! is valid
only in those sample regions where the electric field is no
zero. In other regions, whereE50, the magnetic induction
B(x,t) turns out to be frozen. It keeps the same shape as
the last moment of prehistory whenEÞ0. The complete sys-
tem for determining fieldsE(x,t) andB(x,t) is formed by
Eqs.~2! together with boundary conditions
41919/3/$6.00 © 1995 American Institute of Physics
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B~0,t !5mH~ t !, E~d,t !5B~d,t !/m«1/2 . ~3!

The set of Eqs.~2! and ~3! is essentially nonlinear.
Therefore, the penetration depthd of the ac field depends on
the wave amplitudeH0, and we can study the manifestatio
of the size effect in the peculiarities of the surface impeda
and absorptivity as functions ofH0. It should be noted that in
the case of unilateral excitation the real partR of the surface
impedance and the absorptivityA characterize different
physical quantities. The value ofR is connected to the wave
energy passing through the surfacex50, whereas the value
of A is related to the part of this energy dissipating within t
superconducting plate 0,x,d.

In this brief communication we present only the fin
results of calculations. At small ac amplitudes the size eff
does not manifest itself becaused,d and the electromag-
netic signal does not achieve the interfacex5d. The corre-
sponding inequality may be written as

H0,Hp , Hp54p j cd/c. ~4!

Here,Hp represents the ac amplitude at which the radiowa
reaches the substrate~d5d!. The formulas for the surface
impedance and absorptivity atH0,Hp can be expressed
via the ratio h05H0 /Hp :

R~h0!/R~1!5X~h0!/X~1!5A~h0!/A~1!5h0 ,
~5!

R~1!54X~1!/3p5pA~1!/c58mvd/3c2.

At high amplitudes,

H0.Hp , h0.1, ~6!

the size effect occurs~d.d! and the functionsZ(h0) and
A(h0) become sensitive to the dielectric properties of t
substrate, i.e., to the value ofe. Note thate can vary in a
broad range because even ferroelectrics are used
substates.19 The shape of the functionsZ(h0), A(h0) at
h0.1 is governed by the parameter

a5mv«1/2d/c, ~7!

which represents the absolute value of the ratio of the surf
impedances of the superconductor plate~at h051! and
substrate.

The asymptotics forZ(h0), A(h0) at a@1, h0.1 are

R~h0!

R~1!
5
A~h0!

A~1!
5

3

h0
2

2

h0
2 ; ~8!

X~h0!

X~1!
522

22h0
p

arccosS 12
2

h0
D1

4

p S 12
2

h0
D 2

3~h021!1/22
16

3ph0
2 ~h021!3/2. ~9!

Note that these asymptotics can be realized, for example,
metal serves as the substrate. In this situation, the size e
results in maxima ofR(h0) andA(h0) at h054/3.

In the opposite case whena!1, h0.1 the following
formulae are valid,

R~h0!

R~1!
5
3

a
arccos~h0

21!2
3~h0

221!1/2

ah0
2 1

1

h0
2 ; ~10!
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X~h0!

X~1!
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2
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~h0
221!1/2

h0
2 ; ~11!

A~h0!

A~1!
5

6

ah0
2 @~h0

221!1/22arccos~h0
21!#1

1

h0
2 ~12!

The size effect leads to a high maximum with a magnitude
the order ofa21 in A(h0) dependence, an abrupt increase o
R(h0) and a break ofX(h0) at h0;1. Numerically calcu-
lated plots forR(h0), X(h0), and A(h0) are presented in
Figs. 1 and 2. It is seen that the maximum inA(h0) depen-
dence exists at any value of the parametera. Note, that the
argumenth0 is defined not only by the ac amplitudeH0 but
also by j c . So, the revealed peculiarities should be observe
in temperature dependences ofZ andA as well.

FIG. 1. DependencesR(h0)/R(1) ~solid line! andA(h0)/A(1) ~dashed line!
at ~a! a50.1, ~b! a51.0, ~c! a510.
Pérez-Rodrı́guez et al.
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Thus, we have shown the size effect at the unilateral
excitation within the critical state model. Of course, simila
results may be obtained in the framework of any oth
model. It should be note that many authors study the fund
mental properties of hard superconductors using ac measu
ments at unilateral excitation. For instance, Gasparov20 in-
vestigated Berezinskii–Kosterlitz–Thouless transition
YBaCuO single crystal films by this method~among others!.
The results of our work demonstrate that the size effe
should be taken into account in such a kind of experimen

This work was supported by Grant No. 3004-E-9306 o
the Consejo Nacional de Ciencia y Tecnologı´a ~CONACyT,
México! and Ukrainian National Program in HighTc Super-
conductivity ~Project ‘‘Collapse’’!.

FIG. 2. DependencesX(h0)/X(1) at different values ofa indicated near
curves.
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