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F. Pérez-Rodrı́guez
Instituto de Fı´sica, Universidad Auto´noma de Puebla, Apdo. Post. J-48, Puebla, Pue. 72570, Me´xico

N. M. Makarov and V. A. Yampol’skii
Institute for Radiophysics and Electronics, Ukrainian National Academy of Sciences, 12 Acad. Proskura St.,
310085 Kharkov, Ukraine

I. O. Lyubimova and O. I. Lyubimov
Kharkov State University, 4 Svoboda Sq., 310077 Kharkov, Ukraine

~Received 9 October 1995; accepted for publication 19 August 1996!

The influence of the electromagnetic properties of the substrate upon the size effect in hard
superconductors is theoretically studied. Within the frame of the critical state model we calculate the
distribution of the magnetic induction and the electric field inside a superconducting plate subject to
unilateral electromagnetic excitation. This calculation allows to obtain the dependences of surface
impedance and absorptivity on the amplitude of the external signal. We find that the manifestation
of the size effect in the ac response of the superconducting plate depends strongly on the value of
the dielectric constant of the substrate. ©1996 American Institute of Physics.
@S0021-8979~96!06822-3#
the
d,

nd
e
e
can

of

-
uct-
-

ate
es

n-
we
ic
nd
ly
e
We
ec-

lel

e

I. INTRODUCTION

In view of the discovery of the high-temperature supe
conductivity the investigations on electromagnetic properti
of hard superconductors have been intensified. So, a g
variety of electrodynamic phenomena is actually studie
Among these phenomena, the size effect in superconduc
is of particular interest. On its basis, for example, the ne
contactless method1,2 for measuring the critical parameters o
superconducting materials was developed.

Frequently, the size effect is analyzed in the case of t
bilateral excitation of a superconducting plate.2–7 Its origin is
explained in the same way as is done for normal metals8,9

When penetration depthd of the ac field in the sample is
much larger than the plate thicknessd (d@d), the electric
field is notably diminished since it is a smooth function o
coordinates and has opposite signs at the plate bounda
As a consequence, the absorptivity decreases with incre
of d. On the other hand, whend is much less thand the
surface resistance is small asd/d!1 and increases asd is
augmented. This means that the real part of surface imp
ance has a maximum in the regiond;d ~size effect!.

Recently it was shown that the size effect takes place
unilateral excitation as well.10 As at bilateral excitation, there
are two waves in the sample that give rise to the size effe
the external ac signal and the wave reflected from the int
face superconductor-substrate. This fact is important beca
many experiments~see, for example, Ref. 11! are carried out
precisely at the unilateral excitation and it appertains to all
experiments with superconducting films. In this kind of ex
periments usually the dependence of the surface impeda
Z on external parameters~temperature, magnetic field, fre-
quency, amplitudes!, which determine the value of the pen
etration depthd, is measured. So, maxima in the absorptivit
~ReZ) can be interpreted as a manifestation of the size effe
Nevertheless, a lot of experiments with plates~or with films!
are carried out for the system plate-substrate. Evidently
6370 J. Appl. Phys. 80 (11), 1 December 1996 0021-8979/
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electromagnetic properties of the substrate affect notably
distribution of the field inside the superconducting plate an
consequently, determine its absorptivity~surface resistance!.
Therefore, the size effect should depend strongly on the ki
of the substrate~semiconductor, metal, perovskite-structur
oxide, etc.12!. It is noteworthy that the measurements of th
surface resistance of high-temperature superconductors
be performed both in linear~see, for instance, Refs. 13–17!
and in nonlinear regimes.1,2,18,19Thus, in both cases the size
effect should be considered when the penetration depth
the ac field is of the same order as the plate thickness.

The aim of the present work is to investigate the influ
ence of the substrate on the size effect in hard supercond
ors at unilateral excitation. This work provides the full theo
retical framework to our letter.10 So, we shall study the ac
response of a superconducting plate by using the critical st
model which can be applied in a wide range of ac amplitud
and frequencies~see, for example, Ref. 20!, characterizing
the nonlinear region. In Sec. II problem statement and fu
damental equations are presented. In Secs. III and IV
obtain formulae for the distribution of the electromagnet
field inside the superconductor in the cases of small a
large amplitudes of the radio wave, respectively. Final
~Sec. V!, we calculate numerically the electric field at th
plate surfaces, the surface impedance and absorptivity.
compare these results with analytical ones of previous s
tions.

II. PROBLEM STATEMENT

Let us consider a superconducting infinite plane-paral
plate of thicknessd which overlies a substrate with dielectric
constant«. Thex-axis is normal to the plate boundaries. Th
free boundary of the superconductor is atx50 and the in-
terface superconductor–substrate atx5d. The free boundary
96/80(11)/6370/8/$10.00 © 1996 American Institute of Physics
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x50 is irradiated by an external ac magnetic field, directe
along the plate surface~along thez-axis! and having the
form

H~ t !5H0 cos~vt !. ~2.1!

The magnetic inductionB(x,t) and the electric fieldE(x,t)
depend on a single spatial coordinatex in this geometry.
VectorsB andE are parallel toz- andy-axes, respectively:

B~x,t !5$0,0,B~x,t !%; E~x,t !5$0,E~x,t !,0%. ~2.2!

Considering that a shiftDt5p/v in the time dependences o
the fieldsB(x,t) andE(x,t) changes solely their signs, it is
enough to analyze these functions only in the first ha
period,

0<vt<p. ~2.3!

We shall calculate the electric fieldE(x,t) at the bound-
ary x50 and at the interfacex5d, thereafter the surface
impedance,1,2

Z5
8v

cH0
E
0

p/v

dtE~0,t !exp~ ivt !. ~2.4!

Herec is the speed of light in vacuum. Also, we will obtain
the plate absorptivityA which is defined as the ratio of the
difference of the irradiances at the surfacex50 and the in-
terfacex5d to the incident irradiance:

A5
^E~0,t !H~0,t !&2^E~d,t !H~d,t !&

H0
2/8

, ~2.5!

where bracketŝ . . . & denote time averaging,H(0,t)5H(t)
~2.1!. Eq. ~2.5! can be rewritten in the form

A5
8v

pH0
E
0

p/v

dt@E~0,t !cos~vt !2«1/2E2~d,t !/H0#.

~2.6!

It should be noted that in the case of unilateral excitatio
the real partR of the surface impedance and the absorptivi
A characterize different physical quantities. The value ofR is
connected to the wave energy passing through the surf
x50, whereas the value ofA is related to the part of this
energy dissipating within the superconducting pla
0,x,d.

According to the assumed geometry, the Maxwell equ
tions within the critical state model21,22 can be written as
follows:

]E

]x
52

1

c

]B

]t
; 2

]B

]x
5
4pm

c
j c signE. ~2.7!

In the last equationj c is the critical current density and
m51 for monocrystals and films. For ceramic samplesj c is
the critical density of intergranular current and factorm rep-
resents the effective magnetic permeability (0,m,1)
which allows for intragranular currents preventing magne
flux penetration into the grains. Here, we shall not take in
account the dependence ofj c onB ( j c5 const!. It should be
noted that the critical state equation in~2.7! is valid if the
London penetration depthl is the smallest parameter with
dimensions of length, and if the inequalityH0.4p j cl/c
J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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~nonlinear region! is satisfied. The critical state equation i
applied only in those sample regions where the electric fie
is nonzero. In other regions, whereE50, the distribution of
the magnetic inductionB(x,t) turns out to be frozen. It keeps
the same shape as at the last moment of prehistory wheE
Þ0.

Boundary conditions for Eqs.~2.7! are

B~0,t !5mH~ t !, E~d,t !5B~d,t !/m«1/2. ~2.8!

Let us introduce dimensionless variables

h05H0 /Hp , j5x/d, 0<j<1, t5vt; ~2.9!

and dimensionless functions

b~j,t!5B~x,t !/mHp , F~j,t!5~c/mvdHp!E~x,t !.
~2.10!

HereHp54p j cd/c represents the characteristic value of th
wave amplitudeH0 at which the ac magnetic field penetrate
the whole volume of the superconductor up to the interfa
x5d (j51).

The new notations allow to rewrite equations~2.7! and
boundary conditions~2.8! as

]F/]j52]b/]t, ]b/]j52signF;

b~0,t!5h0 cost, b~1,t!5aF~1,t!, a5mv«1/2d/c.
~2.11!

As will be seen in Sec. IV the parametera characterizes the
role of the substrate in the ac response of the supercond
ing plate. One can see that the critical state equation in E
~2.7! and Eq.~2.11! does not contain the displacement cu
rent. A simple comparison of this current withj c shows its
smallness in accordance with the parameter 4pvdh0 /c!1.
Since the value ofh0 in our consideration is about unity,
neglecting of the displacement current is provided by th
inequalityvd/c!1, usual for the quasistationary situation.

The solution of the formulated problem is quite distinc
depending on whether the magnetic flux penetrates the wh
plate volume or not. For this reason, we shall consider se
rately the cases of small (H0,Hp) and large (Hp,H0) am-
plitudes of the external electromagnetic wave.

III. SMALL AMPLITUDES OF THE RADIO-WAVE

If the amplitude of ac magnetic field is less than th
penetration field,

H0<Hp , i.e., h0<1, ~3.1!

the magnetic flux does not pass through the whole superc
ductor volume, and inductionB(x,t) at the interfacex5d is
zero. Evidently, in this case there is no size effect and t
substrate properties do not manifest themselves in the beh
ior of fieldsB(x,t) andE(x,t).

The magnetic inductionb(j,t) and the electric field
F(j,t) within the superconducting plate are easily obtaine
by solving equations~2.11!. We get
6371Pérez-Rodrı́guez et al.
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b~j,t!5H j1h0 cost, 0<j<j̃~t!;

2j1h0 , j̃~t !<j<h0 ;

0, h0<j<1,

F~j,t!5H 2h0 sin t~ j̃~t!2j!, 0<j<j̃~t!;

0, j̃~t !<j<1,
~3.2!

j̃~t!5h0 sin
2~t/2!.

Since the electromagnetic energy is not transmitted
the substrate (F(1,t)50), the absorptivity~2.6! of the su-
perconductor turns out to be proportional to the real part
the surface impedance~2.4!,

A5~c/p!ReZ, ~3.3!

which is straightforwardly calculated by using formula
~3.2!:

Z5
8mvh0d

3c2 S 12
3p i

4 D . ~3.4!

As is seen, in the case of small amplitudes~3.1! the
results for unilateral and bilateral excitations of a superco
ducting plate agree~see, for example, Refs. 1 and 2!. So, in
this nonlinear regime the surface impedance turns out to
proportional to the amplitudeh0.

IV. LARGE AMPLITUDES OF THE RADIO-WAVE

The study of the region of large amplitudes,

Hp<H0 , i.e., 1<h0 , ~4.1!

is of great interest since precisely here the size effect tak
place, being notably affected by the electromagnetic prop
ties of the substrate. In the case~4.1! the electromagnetic
signal goes through the superconductor and decays inside
substrate medium. Magnetic inductionB(x,t) together with
electric fieldE(x,t), in general, are different from zero in the
whole bulk of the superconducting plate and at the interfa
x5d.

According to set~2.11!, at the initial~starting! time mo-
ment t50 dimensionless inductionb(j,t) has a maximum
(]b(j,t)/]t50 at t50). Its spatial behavior inside the
plate is illustrated by straight line 1 in Fig. 1. With increasin
j, function b(j,0) decreases fromb(0,0)5h0 at the free
boundaryj50 up to the positive valueb(1,0)5h021 at the
interfacej51. Beginning from this moment and during the
whole half-period~2.3!, the induction decreases inside th
superconductor (]b(j,t)/]t,0 at 0,t,p). Nevertheless,
that decrease, as well as the spatial distribution ofb(j,t),
will have qualitatively distinct behaviors in different time
intervals. In order to clarify this, let us integrate the firs
equation from set~2.11! with respect toj:

F~j,t!5F~1,t!1E
j

1

dj8
]b~j8,t!

]t
. ~4.2!

In accordance with the boundary condition atj51 from
set ~2.11!, at t50 the electric field at the interfacej51 is
positive (F(1,0)5(h021)/a.0). Besides, at this time-
moment the second term in the right-hand side of Eq.~4.2! is
6372 J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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equal to zero everywhere in the superconductor and, con
quently, F(j,0)5F(1,0).0. Subsequently, in the whole
half-period~2.3! the second term in Eq.~4.2! is negative and
the field at the interfaceF(1,t) decreases witht. Under
these conditions the electric fieldF(j,t) will decrease also.
It is clear that it will conserve its positive sign (signF51)
only up to certain time momentt1, when the field at the free
boundary j50 vanishes (F(0,t1)50). After solving set
~2.11! in the interval 0<t<t1, we get:

b~j,t!52j1h0 cost,

F~j,t!52h0~12j!sin t1~h0 cost21!/a,

0<t<t1. ~4.3!

Using these expressions one can rewrite the equation
t1, i.e.,F(0,t1)50, in the form

cost12a sin t15h0
21 . ~4.4!

Hence, in the first time interval 0<t<t1 the spatial distri-
bution of inductionb(j,t) has a linear behavior~4.3!. With
time the plot of b(j,t) moves parallel from the initial
straight lineb5b(j,0) to the side of smaller values ofb,
and, finally, is transformed into the straight line
b5b(j,t1). This line is labeled by number 2 in Fig. 1. Con
sequently, in the first stage when 0<t<t1 the electric field
in the superconductor decreases remaining positive eve
where.

The second stage begins att5t1 when the electric field
F(0,t1) at the irradiated surfacej50 of the plate is equal to
zero, being positive in the superconductor and at the int
facej51. With time, the spatial distribution ofF(j,t) be-
comes sign variable: in the region 0<j<j̄(t) near surface
Pérez-Rodrı́guez et al.
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j50 it is negative (signF521), and close to the interface

at j̄(t)<j<1, remains positive (signF51). According to
the equation of the critical state from set~2.11!, the spatial
distribution of magnetic inductionb5b(j,t) has the form of
a step-linear function~see broken lines 3, 4 in Fig. 1!. This
stage finishes att5t2 when the electric field, and togethe
with it the induction at the interface vanishe
(F(1,t2)5b(1,t2)/a50). Thus, everywhere in the super
conductor ~including its free boundaryj50) both fields
F(j,t2) andb(j,t2) become negative, and the broken lin
degenerates into straight line 5 in Fig. 1 forb5b(j,t). From
set ~2.11! formulae for the dimensionless induction
b5b(j,t) and the electric fieldF(j,t) at the second interval
of the time evolution take the form:

b~j,t!5H j1h0 cost, 0<j<j̄~t!;

2j111b~1,t!, j̄~t !<j<1,

F~j,t!55
b~1,t!

a
2h0 sin t~ j̄~t!2j!1

]b~1,t!

]t
~12 j̄~t !!,

0<j<j̄~t!;

b~1,t!

a
1

]b~1,t!

]t
~12j!,

j̄~t !<j<1,

~4.5!

t1<t<t2 .

From the continuity of magnetic inductionb(j,t) at point
j5 j̄(t) it is easy to get the relation between quantitie
b(1,t) and j̄(t):

2j̄~t !5b~1,t!112h0 cost. ~4.6!

There is an equation for the inductionb(1,t) at the interface,
which follows from condition F( j̄(t),t)50. Assuming
j5 j̄(t) for F(j,t) in Eq. ~4.5! and using Eq.~4.6!, we find

2b~1,t!1a@11h0 cost2b~1,t!#]b~1,t!/]t50.
~4.7!

It is necessary to complement this equation with the initi
condition att5t1, where j̄(t1)50. From Eqs.~4.3!, ~4.4!
or ~4.6! one has:

b~1,t1!5h0 cost1215ah0 sin t1 . ~4.8!

The expression for electric fieldF(j,t) ~4.5! can be sim-
plified by using equation~4.7!:

F~j,t!5H 2h0~ j̄~t!2j!sin t, 0<j<j̄~t!;

b~1,t!

a

j2 j̄~t !

12 j̄~t !
, j̄~t !<j<1.

~4.9!

Finally, the equation for the last time-momentt2 of the
second stage is obtained from Eq.~4.6! by making there the
substitutionsj̄(t2)51 andb(1,t2)50:

cost252h0
21 . ~4.10!

Third ~final! stage in the half-period is similar to the firs
one. It occurs in the intervalt2<t<p and is different from
J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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the first stage only in the sign of the electric field within th
whole superconductor (signF521). The initial straight line,
b5b(j,t2), for this interval moves parallel towards the re
gion of smaller values ofb, and, as a result, is transformed
into straight lineb5b(j,p) ~see lines 5 and 6 in Fig. 1!.
Integrating set~2.11!, we get the following result:

b~j,t!5j1h0 cost,

F~j,t!52h0 sin t~12j!1~h0 cost11!/a, ~4.11!

t2<t<p.

Hence, for large amplitudes of radiowave~4.1! the influ-
ence of the substrate produces a qualitative change in
behavior of the electromagnetic field in the superconduc
in comparison with case~3.1!. It is noteworthy that here the
magnetic induction in each point of the superconductin
plate decreases with time and never is frozen as happens
h0<1 and, also, in the case of bilateral excitation for arb
trary values of the amplitude of the radiowave.

We shall present formulae which are necessary for t
calculation of the realR(h0) and imaginaryX(h0) parts of
the surface impedanceZ5R2 iX and, also, the absorptivity
A(h0):

R~h0!

R~1!
5

3

h0
E
0

p

dtF~0,t!cost, R~1!5
8mvd

3c2
;

~4.12!

X~h0!

X~1!
5

4

ph0
E
0

p

dtF~0,t!sin t, X~1!5
2pmvd

c2
,

~4.13!

A~h0!

A~1!
5

3

h0
E
0

p

dtFF~0,t!cost2
aF2~1,t!

h0
G ,

A~1!5
c

p
R~1!5

8mvd

3pc
. ~4.14!

The analysis shows that in the transition from small~3.1!
to large~4.1! values of the amplitude of the radiowave, i.e. a
point h051, functions R(h0)/R(1), A(h0)/A(1) and
X(h0)/X(1) are continuous. At the same time their first de
rivatives at this point undergo a jump for every finite valu
of parametera. This already indicates the existence of th
size effect at the unilateral excitation of a superconduct
which overlies a substrate with arbitrary dielectric propertie
Below we shall discuss in detail about the influence of th
substrate upon the size effect.

According to Eqs.~4.12!, ~4.13!, ~4.14! and ~4.9! quan-
titiesR(h0)/R(1),X(h0)/X(1) andA(h0)/A(1) at large am-
plitudes ~4.1! are functionals of dimensionless induction
b(1,t) at the interfacej51. In the second stage of the time
evolution of fields the quantityb(1,t) is found by solving
nonlinear equation~4.7!. This solution can be analyzed only
for small and large values of parametera. For this reason in
the following we shall solve analytically our problem only
for the cases of optically slowa@1 and fasta!1 substrate.
Results for arbitrary values of parametera will be obtained
by numerical calculations.
6373Pérez-Rodrı́guez et al.
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FIG. 2. Numerically calculated temporal dependences of dimensionl
electric field at the free surface,F(0,t) ~dashed line!, and the interface
plate-substrate,F(1,t) ~solid line!, for h051.5 anda50.1 ~a!, 1 ~b!, 10 ~c!.
he

Eq.
A. Optically slow substrate

Let us analyze the case

a@1 i.e., ~c/mvd!2!«. ~4.15!

Firstly, we should investigate what happens with each
the three described stages of the evolution ofb(j,t). Ac-
cording to Eq. ~4.4!, with a→` the time-point t1 be-
tween the first and second stages tends to ze
(t1'(12h0

21)/a). This means that in the case of opticall
slow substrate~4.15! the first stage~4.3! practically is absent
and the second one begins fromt50.

The first term in the equation~4.7! for induction
b(1,t) can be neglected when inequality~4.15! holds. In this
case the solution of Eq.~4.7! have different form in two
distinct lapses of the second stage. First~at 0<t<t l), the
derivative]b(1,t)/]t50. Here, in accordance with the ini-
6374 J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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tial condition Eq.~4.8!, and also Eqs.~4.5!, ~4.9!, the dimen-
sionless induction at the interface and the electric field at t
free boundary are:

b~1,t!5h021;

F~0,t!52h0
2 sin2~t/2!sin t; ~4.16!

0<t<t l .

At time-moment t5t l the derivative]b(1,t)/]t50,
and the expression in square brackets of Eq.~4.7! also van-
ishes. Hence, the equation fort l is gotten:

cost l5122h0
21 . ~4.17!

Furthermore, att l,t<t2, quantity]b(1,t)/]t is differ-
ent from zero, and the expression in square brackets of
~4.7! is equal to zero. Therefore,
Pérez-Rodrı́guez et al.
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FIG. 4. DependencesR(h0)/R(1) at different values ofa indicated near
curves.
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b~1,t!511h0 cost;

F~0,t!52h0 sin t; ~4.18!

t l<t<p.

Fieldsb(1,t) andF(0,t) have the same asymptotics in th
third stage of their evolution~see Eq.~4.11!!. For this reason,
we extended the domain of definition of Eq.~4.18! up to the
end of the half-period.

In conclusion, in the case of large amplitudes of th
radiowave~4.1! and optically slow substrate~4.15! the three
stages characterizing the variation of the electromagne
field in the superconductor become only two.

After substituting Eqs.~4.16! and~4.18! into expressions
~4.12!, ~4.13!, ~4.14! and doing some necessary calculation
we get for the case of optically slow substrate~4.15!:

R~h0!

R~1!
5
A~h0!

A~1!
5

3

h0
2

2

h0
2 ; ~4.19!

X~h0!

X~1!
522

22h0
p

arccosS 12
2

h0
D1

4

p S 12
2

h0
D 2~h0

21!1/22
16

3ph0
2 ~h021!3/2. ~4.20!
-
lin-

c-

to

the
FIG. 5. Plots ofX(h0)/X(1) at different values ofa indicated near curves.
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Note that results for largea do not depend on the value
of the dielectric constant~i.e., on the properties of the opti-
cally slow substrate!. Moreover, formulas for the impedance
and the absorptivity turn out to be the same as for bilate
excitation. This is clear, since witha@1 practically all elec-
tromagnetic energy, that comes from the superconductor
the substrate, is reflected from the interface. The reflec
wave from the substrate plays the role of a second wa
which at bilateral excitation irradiates the superconduct
from boundaryx5d. Therefore, in the case of an optically
slow substrate~4.15! a manifest size effect takes place: from
Eqs. ~4.19! and ~4.20! it follows that the real part of the
impedance and the absorptivity reach a maximum
h054/3, and the imaginary part ofZ has a steplike change at
the same value ofh0.

The formulas obtained in the present Subsection can
applied in the situation when, for instance, a good conduc
serves as a substrate inside which the electric field is
sumed to be zero~i.e., F(d,t)50, «→`).

B. Optically fast substrate

Now, let us consider the situation when the superco
ducting plate overlies a substrate with small dielectric co
stant,

a!1 i.e., 1<«!~c/mvd!2. ~4.21!

During the calculation of the asymptotics for the imped
ance and absorptivity we have restricted ourselves to the
ear approximation in parametera. For this reason, in the first
and third stages of the time evolution of the fields it is ne
essary to use exact expressions~4.3!, ~4.11! for induction
b(j,t) at the interfacej51 and electric fieldF(j,t) at the
free boundaryj50. In the second stage~4.5! dimensionless
inductionb(1,t) is so small that it can be considered equal
zero. Indeed, according to Eqs.~4.7!, ~4.8! quantityb(1,t) at
the beginning of the second stage is proportional toa and
thereafter decreases, since derivative]b(1,t)/]t is negative
in the whole second stage. The decrease of functionb(1,t)
has an exponential behavior with a characteristic scale of
order ofa. Then, in the second stage the terms withb(1,t)
in formulae~4.12!, ~4.13!, ~4.14!, are of the ordera3 and can
be omitted.
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For smalla the expressions for the surface impedan
and the absorptivity, which are valid in the whole regio
h0>1, are quite cumbersome. At the same time, for analy
investigations of these functions it is enough to study on
the regiona2!h0

221, excluding the narrow vicinity of point
h051. This allows to solve equation~4.4! in the linear ap-
proximation ina and to find the explicit form fort1. From
the preceding, in the case of optically fast substrate~4.21! we
get

R~h0!

R~1!
5
3

a Farccos~h021!2
~h0

221!1/2

h0
2 1

a

3h0
2G ; ~4.22!

X~h0!

X~1!
511

2

p
arccos~h0

21!2
2

p

~h0
221!1/2

h0
2 ; ~4.23!

A~h0!

A~1!
5

1

ah0
2 @6~h0

221!1/226 arccos~h0
21!1a#. ~4.24!

The analysis of formulas~4.22!, ~4.23! and~4.24! shows,
that even in the case~4.21!, when the substrate has a sma
«, the size effect manifests itself in the response of the s
perconducting plate to an electromagnetic wave. With i
creasing dimensionless amplitudeh0, the imaginary part of
the impedance increases monotonously from the va
X(1) ath051 up to 2X(1) ath0@1. In addition its deriva-
tive with respect toh0 has a steplike change in the narrow
vicinity ~ with width of ordera) of point h051. A consid-
erable size effect appears in the real part of the impeda
which increasesa21@1 times in comparison withR(1).
However, absorptivity undergoes the more evident chang
It has a maximum with relative magnitude
A(max)/A(1);a21 at pointh05hm that is found from equa-
tion

~hm
2 21!1/252 arccos~hm

21!. ~4.25!

V. NUMERICAL RESULTS

In Figs. 2, 3 we present numerically calculated grap
for the dimensionless electric fieldF(j,t) at j50 and
j51. During the calculation we used formulas~4.3!–~4.11!.
Curves of Figs. 2 and 3 were obtained forh051.5 and
h0510, respectively, and illustrate the effect of paramet
a ~i.e., dielectric constant«, see~2.11!! on the time depen-
dences of the electric field at both plate boundaries. In ea
graph we have indicated the time interval (t1 ,t2) in which
the spatial distribution of the electric field inside the supe
conducting plate is sign variable.

It is noteworthy that for arbitrary values ofa and
h0.1 fieldsF(0,t) andF(1,t) have the same magnitude a
time momentst50,p (F(0,0)5F(1,0), F(0,p)5F(1,p),
see Figs. 2, 3!. This fact can be easily verified with Eqs
~4.3!, ~4.11!. For the casea50.1 ~Figs. 2a, 3a!, correspond-
ing to an optically fast substrate, functionsF(0,t) and
F(1,t) have similar behaviors. This similitude is better fo
large amplitudes of the ac signal (h05H0 /Hp@1). As the
optical density~i.e., «) is increased~curves b,c in Figs.
2, 3!, t1→0 and functionsF(0,t), F(1,t) become quite
different one from the other because the electric field at t
6376 J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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interface superconductor-substrate decreases witha
(F(1,t)5b(1,t)/a) whereasF(0,t) acquires the asymptotic
form given by Eqs.~4.16!, ~4.18!.

The calculation of the electric field at plate boundarie
allows to find the surface impedanceZ5R2 iX Eqs.~4.12!,
~4.13! and the absorptivityA ~4.14!. Figs. 4–6 show numeri-
cally calculated plots forR(h0), X(h0) and A(h0) for the
same values ofa as in Figs. 2, 3. From graphs it is eviden
that the manifestation of the size effect depends considera
on the substrate. Thus, asa is diminishedR(h0) ~Fig. 4!
undergoes an abrupt increase ath0;1 and its maximum,
which is observed in the case of an optically slow substra
at h0;4/3, disappears. Notice~Fig. 5! that for small values
of a the curveX(h0) has a break nearh0;1. The absorp-
tivity A(h0) ~Fig. 6!, which exhibits a maximum for any
value of the dielectric constant of the substrate, is notab
increased by lowering parametera. So, the numerical results
for a50.1 anda510 confirm the analytical ones obtained in
Secs. IV A, IV B for the limiting casesa!1 anda@1.

In conclusion, the ac response of hard superconduct
to an incident plane wave is notably affected by the presen
of the substrate. The peculiarities of the surface impedan
and absorptivity associated with the size effect turn out to
strongly correlated with the value of the dielectric consta
of the substrate. Our analysis is based on the critical st
model, however, similar results can be obtained by usi
other approaches.
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