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Abstract. The transport characteristics of pure narrow 2D conductors, in which the electron
scattering is caused by rough side boundaries, have been studied. The conductance of such
strips is highly sensitive to the intercorrelation properties of inhomogeneities of the opposite
edges. The case with completely correlated statistically identical boundaries (CCB) is a peculiar
one. Herein the electron scattering is uniquely due to fluctuations of the asperity slope and
is not related to the strip width fluctuations. Owing to this, the electron relaxation lengths,
and specifically the localization length, depend quite differently on the asperity parameters
as compared to the case for conductors with arbitrarily intercorrelated edges. A method for
calculating the dynamical characteristics of the CCB electron waveguides is proposed clear of
any restrictions on the asperity height.

1. Introduction

The application of narrow conducting junctions with extremely small cross sections in
contemporary microelectronics has generated a great variety of work on the transport
properties of such conductors. These properties were proved to be substantially controlled
by scattering of electrons at random inhomogeneities of the conductor boundaries (see,
e.g., references [1-9] and references therein). In particular, in reference [2] pure single-
mode 2D conductors were shown to exhibit all of the peculiarities characteristic for one-
dimensional disordered systems. Their conductance is specified by the coherent electron—
surface scattering which causes the localization effects. This certainly constrains the length-
wise dimensions of narrow microjunctions in view of the exponential increase of their
resistivity with growing length.

When producing 2D conductors of quite small width it is highly possible, owing to
the technology, for the opposite boundaries of the strips to have exactly the same or
sufficiently close statistical properties. Among the models of such statistically identical
rough boundaries, two substantially different ones are distinguished. One of them includes
the strips with no correlation between the asperities of the opposite edges. Within the other
model, the correlation between the asperities of the opposite boundaries is the same as the
correlation at any strip edge. Boundaries of the latter type will be referred to as completely
correlated (CCB). In reference [2] the electron scattering caused by irregularities of only
one boundary of the conducting strip were analysed, the other being perfectly smooth. The
results obtained are clearly applicable for the former (not intercorrelated) kind of boundary.
At the same time, the CCB conductors have not received due attention so far.
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In this contribution, the CCB case is examined and shown to be a special one. The model
considered is physically equivalent to that in which the conductor width keeps constant (or
nearly constant) along the whole length, despite inhomogeneities of the strip edges. The
local mode structure of the electron waveguide therein remains undisturbed. As a result,
the electron scattering is due not to the asperity heights, whose values are not restricted in
the problem, but to the asperity slopes only.

It is well known that the by-height scattering is controlled by the paranigter)? (k
is the Fermi wavenumber of the electrons), and the electron relaxation rate is proportional
to the square of the r.m.s. asperity heigh{see, e.g., references [2, 7]). We argue below
that in the single-mode CCB strips the main controlling factor is the ratjR.)* (R. is
the correlation radius of the boundary asperities). Therefore, the electron scattering rate is
proportional to a higher, namely the fourth, powercaaf At first glance, it appears that
this should give rise to an increase of the localization length as compared to that from
reference [2]. However, this is not the case as a rule. In a single-mode CCB strip even
with mildly sloping boundary asperities, the electron localization length for certain, easily
achievable, conditions appears to be much less than the by-height scattering length.

2. Formulation of the problem

Let a two-dimensional conducting strip of lengthand average widtld occupy the region
of (x, z) plane specified by the inequalities

—L/2<x<L/2 &1(x) <z <d+&((x). 1)

The functionsé; »(x) describe asperities of the edges of the strip. We assume them to
be continuously differentiable random processes with zero mean values. The correlation
properties thereof will be thoroughly discussed below.

In accordance with the standard linear response theory [10], the conductance (as well as
the conductivity) is expressed through a product of differences between the advanced and
retarded one-electron Green functions (see, e.g., references [11, 12]). In what follows the
electron scattering will be assumed weak (see equation (15)). It is well proved [13, 14] that
under these conditions one can neglect the products of the like Green functions (both retarded
and both advanced) in the general expression for the conductance. Taking into account the
relation between the advanced and retarded Green functions, the conduGtdrcef the
strip, divided by the conductance quantufir7, at zero temperature is represented as

G(L) _ i/L/Z d+&(x) dZ/L/Z d+€z(x> 3g(x x';2,7)

ejah L —L/2 £1(x) ~L/2 &) o
8 * 9 9 b !
9 G*(x, x5 z z). @
ax’
HereG(x, x’; z, Z') is the retarded one-electron Green function obeying the equation
8% 92
>t 5+ ket 02| G(x,x";2,2) = 8(x —x)8(z — 2) (3)
ox 9z

with kr the Fermi wavenumber. The asterisk in equation (2) denotes complex conjugation.
We consider the functio§ meeting the zero Dirichlet boundary conditions at the strip edges
z = &1(x) andz = d + &(x), whereas at the strip ends= +L1/2 the radiative conditions
are satisfied.

In solving problems related to the boundary scattering in waveguides, the coordinate
transformation is often applied to smooth out both boundaries towards ideally flat forms
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(see, e.g., reference [7]). For our purpose it is more convenient to smooth only one side
of the strip. Let it be, for definiteness, the lower one which we smooth out to the line
znew = 0. This is done via a transformation of the transverse coordibgt@= zolg — &1(x),
accompanied by the corresponding change of the longitudinal velocity operator. As a result,
the perturbatior; (x) is transferred to both the conductance expression (2)

G(L 4 L/2 d(x) L/2 d(x") 9 9
( )_ — dx/ dzf dx// dz’ [— —éi(x)—:| G(x,x'52,7)

2/mh L2 ) —Ly2

9 st 0 % , ,
X [W—gl(x)a—z/}g(x,x;z,z) )

and to the Green function equation (3) which takes the form

32,9 ,
[ﬁ +o? 3z + (kr + IO)Z} Gx,x"52,2)

R I L
_ [U(x)a — V(X)B_Z2:| Gx,x';52,7)=8(x —x)8(z = 2)). (5)

From here on we use the notation listed below. In equationd@)) stands for the local
width of the strip:

d(x) =d + A§(x) A& (x) = E2(x) — &1(x) (6)

with A& (x) being the width fluctuation. Next, in equation (5), the factdrand the effective
zero-mean-valued ‘potential¥’ (x) andi{(x) of the electron—surface interaction have been
introduced:

/2 s 2 2 y / 0 0 ’
of =1+ (& (x)) V(x) =§"(x) — (5§ (%)) Ux) = Sl(x)a + afl(x).
)
The angular brackets- --) denote averaging over realizations of the random functions
&12(x), and the primes on functions indicate derivatives over their arguments.
To analyse the electron transport in a narrow 2D waveguide, where quantization of
the electron transverse motion is rather considerable, we apply the discrete, i.e. ‘mode’,

representation in the coordinate The Green function now becomes zerozat 0 and
z = d(x). Then, allowing for this, we presedi(x, x’; z, z’) as a series:

2 . (nn'?
NZore) ,,nzlG”" o x)s'”<d< ))S”<d(x’>)' ©

By substituting equation (8) into equation (5) we arrive at the following set of equations
for the Fourier coefficientss ., (x, x'):

G(x,x';z,7) =

ad . n 17 -
{ﬁ + kz(x) + i0 — [%} V()C)} Gnn (X X ) - m Z Anmu(x)Gmn ()C X )
d( ) Z D ()G (x, x) = S d(x — x) 9

Here the locally quantized valug, (x) of the electron longitudinal wavenumber and the
coefficient matrixA,,, are given by

2\ 1/2
— (2 — | @ — _
ko (x) = (kF [d(x)] ) A = n2 smz[ (n—m). (10)
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We omit the expression for the matrix potentfa,l,m(x) in view of its awkwardness. It is
only important for us to point out its being the functionalsgfx) and A¢’(x) and becoming
zero asAg&’(x) = 0.

Equation (9) covers scattering of electrons by rough boundaries of the two-dimensional
electron waveguide under arbitrary correlation conditions for the asperity heights).
In this work, our intention is to discuss the case of not arbitrary but statistically identical
strip sides. Moreover, we deal with the conductors for which asperities of the opposite
sides correlate with each other just as they do within every edge of the strip. For stating
this CCB model of 2D junction we use the correlation equalities

(&(x) =0 (E@ER)) = o?W(x — X)) ik=12 (11)

HereW(x) is the correlation coefficient specified by the amplitude unity and the correlation
radius R.. As a consequence of equation (11), the following correlation functions equal
zero:

(E12(0)AE(x)) = (AE(x)AE(x)) = 0. (12)
For the weak electron—surface scattering (or Gaussian statistics of the asperities), equ-
ation (12) leads to the same result for any averaged quantity a§@) = A&'(x) = 0.
So hereinafter the local width of the strigh(x), can be replaced by its average vadlyeand
the last term containing the potentidl,, (x) in the l.h.s. of equation (9) can be dropped.
Below, we omit the subscript ‘1’ of the functiof (x) for simplicity.

The deviation of the facto#? from unity in k,, equation (10), could be significant at
‘sharp’ asperities, as it causes an effective decrease of the number of modes propagating
in the waveguide. Taking this into account is not a major problem. Nevertheless, we
introduce one more simplification so as to make the calculations even more transparent. We
will consider only the mildly sloping boundary inhomogeneities for which

&1 ,(0)]* < L. (13)

This allows us to put henceforwawef = 1 and neglect the perturbation of the velocity
operators in the expression (4) for the conductance. X

Note that in equation (9) the term containing the potentiat) describes the intra-
channel (intramode) electron scattering with conservation of the quantum numbét
the same time, the perturbation operal;?:(rx) leads, in the basic approximation, just to
intermode scattering, since the corresponding sum avier equation (9) is free of the term
with m = n (A,, = 0, in accordance with the definition from equation (10)). The inverse
lengths of the electron scattering from the potenﬂads) and/(x) are proportional, in the
main approximation, tq&"#(x)) and (£"2(x)), respectively. If the boundary asperities are
mildly sloping (13), these lengths could substantially differ. However, in the case of narrow
conductors with a single propagating electron mode (the ultra-quantum limit), when

1l<kpd/m <2 (14)

the term linear in the operatdfr(x) multiplied by G11(x, x) is not present in equation (9).
That is why the spatial decrease of the average single-mode Green fufiGtiotx, x’))
is determined not by the interchannel but by the intrachannel electron scattering with the
attenuation length proportional to~*. This is just the case that we analyse below.

For the benefit of our study an important point is to assume the electron—surface
scattering to be weak. That is, the electron relaxation ledgthin the open channel
with n = 1 has to be large as compared to the ‘microscopic’ lengths of our problem, and
specifically the electron Wavelengklj1 and the correlation radiug.. What is more, the
conductor lengthl. will be assumed to obey similar requirements, which are necessary for
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the averaging procedure to be reasonable. All of these conditions can be formulated through
the inequality

maxk;, R.} < min{Ly, L}. (15)

Note that we do not assume any predetermined interrelation betiveew L, or between
kit andR..

To get the starting expression for the single-mode conduct@hgé) one should
substitute equation (8) into equation (4). In line with the weak-scattering conditions (15),
all of the Green functions withe,n” # 1 contribute toG1(L) slightly. Then for the
dimensionless single-mode conductafigél.) we have

Gull) __ 4 f / 2 g 96 x) G (1)
e?/mth Lz J)_

L/2 0x ox’

As was pointed out, equation (9) with=n" = 1 does not contain the first degree of
the potentiavfl(x) at the functionG1(x, x"). For tpis reason, in a single-channel strip the
electron—surface scattering caused by the potetitia) manifests itself in higher orders of
its magnitude. To obtain the correct equation i (x, x’) one has to follow the procedure
outlined in appendix A. In the case of mildly sloping asperities (13) and with the weak-
scattering approximation (15), we get

Ti(L) =

(16)

92 7\
(— + k2 + i0> Gri(x,x") — (E) V(x)Gi(x, x)

9x2

aA\2 [L/2

_<Z) dry K (x, x1)Gr1(x1, x) = 8(x — x). (17)
—L/2

Here the novel perturbation operator has occurred with the kernel
Rx) = =3 43, [A@60 (x — X D) = (U0G(x - X D] (18)
m=2

The unperturbed Green functions? (|x — x'|) of the modesn > 2 attenuate exponentially
along the strip over the electron wavelengths:

’ _ 2 2
2|km|e’(p(_'km”x_x') el = [Grm/d)2 — 2]

Thus, the problem is reduced to calculating the statistical mom@rjtéL)) of the
conductance (16) with the single-mode Green functions found from equation (17).

’ 1/2
GP(lx —x') = -

(19)

3. The two-scale model

Equation (17) for the Green functioGii(x,x’) is strictly one dimensional and,
consequently, makes it possible to analyse in detail the effects of coherent multiple scattering
of electrons. Inhomogeneities of the strip edges now enter the scattering potentials of the
equation rather than the boundary conditions for the Green functions. In accordance with
the weak-scattering assumption (15), there exist two groups of substantially different spatial
scales in our problem. On the one hand, it is a group of ‘macroscopic’ lengjthand
L, and, on the other, a pair of ‘microscopic’ Iength(::;1 and R.. This suggests that
it is reasonable to apply when calculating the Green functign a two-scale model of
oscillations.

Take the well-known representation for the one-dimensional Green funGtigi, x’),

Gua(x,x') = WY (Y- ()O( — x) + ¥ @) Y_(0)O (" — x)]. (20)
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In equation (20), the functiong. (x) are the linearly independent solutions of the uniform
equation (17) with the radiation conditions satisfied at the strip engstL /2, respectively.
The Wronskian of those functions i#, and ©(x) is the Heaviside unit-step function.
The functionsy. (x) will be sought as superpositions of modulated waves propagating in
opposite directions along theaxis:

Yo (x) = 1y (x) exp(ikox) — iye (x) exp(Fikex). (21)

The radiation conditions for the functions.(x) are stated as the ‘initial’ conditions
for the amplitudesr. (x) andy.(x), i.e.

ma(£L/2) =1 ye(£L/2) = 0. (22)

We emphasize that the amplitudes(x) andy.(x) in equations (21), (22) are varied at the
characteristic lengtti; (or L). Therefore in the framework of the two-scale approximation
(15) they are smooth functions of as compared to the rapidly oscillating exponents
exp(xikix) and the correlation coefficie(x).

According to equations (20), (21), the problem of calculating the Green fungtign
is reduced to finding the smooth amplitudes(x) andy..(x). Within the assumption (15),
the appropriate equations for them are deduced by the standard method of averaging over
the rapid phases (see, e.g., reference [15]). For doing that one should suhtitoe
in the form (21) into the uniform equation (17) and multiply it by éxjkix). Then the
equation obtained should be averaged over a spatial interval of length intermediate between
the above-introduced macroscopic and microscopic scales. The same should be done using
the multiplier exp+ikix). As a result, we get the set of dynamic equations

7y () £in()me(x) £ (x)ye(x) =0
Yi) Fin)ye(x) £ e ()me(x) =

The variable coefficientg(x) andz. (x) are the space-averaged random fields associated
with the electron—surface interaction potentials from equation (17). The fungtionis
a real field whereag.(x) are complex conjugate ones. Since our concern is with the
guantities averaged over realizations of the random funciion, only the correlation
properties of the fields are of decisive importance. In appendix B the exact expressions for
n(x) and ¢4 (x) are written out, and it is shown that within the two-scale model (15) all of
these functions can be properly regardedsa®rrelated Gaussian random processes with
correlation relations as follows:

(n(x)) = (¢x(x)) = N(x)¢ (X)) = (Cx(x)¢+(x")) =0
MN(N) = L8 —x)  (Ge()EE() = Ly 8 (x = x).
Here in equation (24) two lengths are preselryt,and L,, specified by the expressions

1 (no dg
Lt= (5= 2 gtw2(gol1 A2,
/ 2k§<d)f 2 ai el 53
2
x [@a+ 0%tk + 40 + @k — g% (ks - qx)]} (25)

_ 1 (7o dg,
Lbl:_(d) /_OO T2 (g2 = KDPW (@ — k)W (@s + k)

2
[ ( ) ZALn(qx—kbg“’)(qx)} : (26)

(23)

(24)
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The function W(q,) is the Fourier transform of the correlation coefficiehV(x)
from equation (11), an¢'?(q,) is the analogous transform of the unperturbed Green
function (19):

1
% + k|

Making use of equations (20), (21) and (24), we can show that the superposition of the
inverse lengths (25) and (26) is the inverse outgoing length of attenuation of the average
Green function{(G11(x, x")). It is reasonable then to associate this superposition with the
length L; from equation (15), i.e.

Lit=L;'+ L% (28)

From the derivation presented in appendix B, as well as from the appearance itself of
the expressions (25) and (26), it is easy to establish that the ldngis related to the
forward electron scattering (i.e. without changing the sign of the velocitpmponent)
while L, is related to the backward scattering. In our consideration the ldhggpecifies
the correlator(n(x)n(x")) whereasL, controls the correlatof¢, (x)¢(x’)). Hence the

conclusion is clear that the fieldgx) and ¢, (x) from equation (23) are responsible for the
forward and backward electron scattering, respectively.

gr(:?)(QX) = - (27)

4. Conductance and resistivity moments

The next step is to express the dimensionless conductance (16) through the smooth
amplitudeszy and y+ and to average it subsequently over the random figlds and

Z+(x). To do this, substitute equations (20), (21) into equation (16). After a succession
of simple transformations with the use of the inequalities (15) we get the formula for the
conductance of a single-mode strip:

Ti(L) = In Y (FL/2)|% (29)

From this equality it naturally follows that the quantity.*(3L/2) can be regarded as the
amplitude transmission coefficient of the waveguide of length

We introduce the amplitude reflection coefficidnt(x) = y+(x)/m+(x), in accordance
with equation (21). From equation (23) it can be established that the quantiti¢s) and
'+ (x), in line with their physical meaning, obey the flow conservation law:

T+ ()2 + |72 (x0) 2 = 1. (30)

As a consequence of equations (23), (22), the coeffidieiit) satisfies the Riccati-type
equation with the homogeneous initial condition:

dly(x) . *
+ ;:xx =2in(x)IL(x) + é‘i(x)]—‘i(x) — §x(x) (31)
rL(xL/2) =0.

Being closed, this equation is more convenient to analyse than the set (23). Therefore,
expressing the single-mode conductance (29) throdgh(=L/2)|?> by the use of the
conservation law (30), we will perform all of the following calculations in terms of the
reflection coefficient"(x) rather than the transmission ong‘l(x).

Attention should be given to the fact that the fiejdx) may be eliminated from
equation (31) by concurrent phase transformations of the reflection coefficignd and
the fields¢.(x). These transformations retain the correlation relations (24) for the new
renormalized fieldg . (x) unaffected. That is, one can put the random functj@n) in
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equation (31) equal to zero. Consequently, the outcome for an arbitrary moment of the
conductance is specified by just backscattering of electrons, i.e. by the attenuation length
L, from equation (26).

Now let us define thath moment of the reflection coefficient squared modulus:

RE(x) = (T4 (). (32)

From equation (31), one can obtain, on the basis of the Furutsu—Novikov formula and
the correlation relations (24), the differential-difference equation for that moment (see,
e.g., reference [16]):

n dR*(x) _ n?

i [Rf,1(x) — 2RE(x) + R ()] n=0,12,... (33)
with the initial condition on the coordinate
RE(£L/2) = 8,0. (34)

Besides the condition (34), we haﬁét(x) =1 andR¥(x) — 0 asn — oo, in accordance
with the definition (32).

A solution of equation (33) that matches all of the above conditions can be expressed
through the distribution functioﬂPi(u, x) and, upon due parametrization, represented as

Rff(x):/; du P (u, x)( +1) (35)

In line with this representation, the statistical moments of the conductance (29) can be
written through the same distribution function:

2 n
(T{'(L)) = (1= [T=(FL/D*)") / du P;(u, :FL/2)< +1> (36)
So we only need the probability densi&{t(u, x).

We substituter*(x) in the form (35) into equation (33) and perform some elementary
transformations. Then we get fa}TLi(u, x) the Fokker—Plank equation

dP; 3 P
iLhﬂz——(uz—l)M (37)
0x au ou
which is supplemented, according to equation (34), by initial conditions on the coordinate
P, +L/2) = 8(u —1-0). (38)

From the equalitngt(x) = 1, normalization of the functiorPLi(u,x) to unity follows.
In its turn, this implies the distribution function to be integrable over the variablén
particular, atu — 1 andu — oc.

The solution of equation (37), which satisfies the above-mentioned requirements, is well
established (see, e.g., reference [19]). It can be obtained by the use of the Mehler—Fock
transformation [17, 18] and is found to have the conventional form

1 /LF2x\ 2 LF2x
Pf(coshoz,x)zﬁ( ;Lb ) exp(— 8:;b )

X/O" v dv ox _v_2 L¥2x\*
« (coshv — cosho)1/2 P 4\ 2L,

whereu = coshu a>0. (39)
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With this solution we get from equation (36) a relatively simple, as well as suitable to
analyse, expression for thegh moment of the dimensionless conductafig€l):

(T{(L)) = i(ﬁf/zex (—L> /oo&ex (— Zﬁ)
! S JT\L P 4L, ) Jo cosi' 1z 5T

x / dy cosH" Yy p=0 41 42, ... (40)
0

The formula (40) completely determines the main averaged transport characteristics of a
single-mode conducting strip.

5. Results and discussion

Let us write down the expressions for the average dimensionless condu¢tantg and
resistance(Tl‘l(L)). We putrn = 1 in equation (40) and take the integrals asymptotically
in the parametel./L,. Then the asymptotic expressions for the average conductance take
the form

1-L/L, if L/L, <1
27 w>4(L/Lyp) exp(—L/4Ly) if L/L,> 1.
At n = —1 all of the integrals in equation (40) are calculated exactly, and for the average
dimensionless resistance we get the formula
1 2L
(T7HL) = = [1 + exp(—)] . (42)
2 Ly

For the sake of completeness, we also give, without proof, the averaged logarithm of the
dimensionless conductance:

(INT1(L)) = —L/L,. (43)

It can be found directly from the equations (23).

The results (41)—(43) match absolutely the concepts of the localization theory for one-
dimensional disordered conductors and therefore coincide in appearance with those obtained,
in particular, in reference [2]. The asymptotics (41) show exponential decrease of the
average conductance as the strip lenfitbxceeds the localization lengtt),. = 4L,. The
expression (42) describes exponential growth of the average resistance with growing strip
length L. Needless to say, the conductance and the resistance are not both self-averaged
guantities. The main difference of our results from those previously obtained is in the
relaxation lengthl,, equation (26), to be discussed below.

We now say a few words about the validity range for the results (25), (26), (40)—(43).
First of all, the boundary asperities of the electron waveguide were assumed to be mildly
sloping. The corresponding requirement (13) sets limits on the relation between the asperity
height and length:

(0/R)? < 1. (44)

Additional restrictions result from the weakness of the electron—surface scattering, equ-
ation (15). In accordance with equation (28), the lenfithcan be used therein as the
parametetLy, since the inequality.; < L, always holds true. One of the conditions (15),
namely,L; > R., is reduced to smallness of the Fresnel paramigter/R.. In terms of

the diffraction theory, this means the absence of the shadowing effect in the scattering of
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the electron waves by rough boundaries (see, e.g., reference [20]). This condition can be
rewritten via the parameters of our problem as follows:

02/R.d < 1. (45)

The second inequality from equation (12) > kl‘l, is reduced merely to the product of
equation (44) and equation (45), so it holds automatically. It should be stressed that the
requirements of the asperity smoothness, equation (44), and the absence of the shadowing
effect, equation (45), are conventional in solving problems of the wave diffraction at rough
surfaces (see, e.g., reference [20]). The necessity of using them has not been overcome
until now.

It is instructive to note that in solving the diffraction problems the condition of smallness
of the so-called Rayleigh parametéro)? is normally used. In the case of a single-channel
strip, equation (14), the rati@r/d)? plays the role of this parameter. The results presented
herein are free of the above restriction. Indeed, the ratja@)? was not thought to be small
at any step of handling the problem. Note that just the statistical identity and complete
correlation of the strip edges, equation (11), made it feasible to bypass this restriction.

The main result of our work is revealing the remarkable sensitivity of the interference
effects in a single-mode waveguide to the intercorrelation properties of the inhomogeneities
of the opposite boundaries. To be certain of this, it is sufficient to compare the localization
length Lo, obtained in reference [2] for the conducting strip with only one boundary rough,
with the lengthL, from equation (26) of our paper. In the former cdsgo o ~2, whereas
in ours L, < o—*. At first glance this would seem to imply the CCB strips to be more
transparent for the electrons as against the junctions with arbitrary asperities of the sides.
However, this is not the case as a rule. To illustrate this statement, assume the correlation
function W(x) of the asperitieg (x) as Gaussian¥(x) = exp(—x?/2R?). Then one can
find lengthsLy and L, related to each other as follows:

(6/R)?(d/R.)? if R./d <1 (kiR. < 1)

Lo/Ly ~
oLy (0/d)2expk?R?)  if Ro/d > 1 (kiR. > D).

(46)
Note that in equation (46) the parameter/d)? should be thought of as small, because
the lengthLy was obtained in reference [2] under this assumption. It is evident from
equation (46) that the ratibo/L, in both limiting cases is the product of a small parameter
and a large one. The parameters are such that the situationlyitl»> L, is mostly
realizable. Indeed, for the small-scale asperities, wheh. <« 1 (R./d < 1), this is
satisfied if the slopgo/R.)?> exceeds the small parameteR./d)%. In the case of the
large-scale asperities, i.&yR. > 1 (R./d > 1), the large exponertR.)?> must merely
prevail over the logarithm 2@ /o).

The fact that localization lengths in single-mode strips with different interboundary
statistics of the inhomogeneities could deviate significantly from one another can be
explained, in our opinion, in the following way. The localization lendth from ref-
erence [2] corresponds to the electron scattering by the effective potential

_ (h/dP £
- m d
which depends on just the asperity heidtit) (m is the electron mass). In the CCB
case, all of the scattering potentials contain the gradiént instead of the functiof (x).
Scattering by the potential (47) can be regarded as scattering by the asperity heights (or,
more precisely, by the waveguide width fluctuations). At the same time, scattering by
the potentials from equation (17) can be interpreted as being caused by the asperity slope

Uy (47)
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fluctuations (or by the waveguide bends). The strength of the by-height and by-slope
scattering depends on different parameters. Whereas the scattering from the potential (47)
is governed by the Rayleigh parameteyd)?, the by-slope scattering depends on the slope
parametelo/R.)?. Besides, not the least of the factors is the functional dependence of the
potentials on the random functidrix). Indeed, the potential (47) is linear &ix) whereas

the potentials from equation (17) are quadrati¢itx). Thus, the distinction between the
scattering mechanisms in the waveguide with one boundary rough and in the CCB strip
brings about the difference of the corresponding relaxation lengghend L.

Another peculiarity of the electron scattering by the strongly correlated identical rough
edges is the necessity of taking into account the ‘evanescent’ waveguide modes, i.e. the
non-propagating modes. These modes are present in the last, i.e. the third, term in the
I.h.s. of equation (17). As is evident from the structure of the kernel (18), this term governs
intrachannel scattering of the propagating mode wita 1 through interchannel transitions
via the virtual evanescent modes with> 2. Those transitions contribute to the expressions
(25), (26) for the scattering lengths as much, in order of magnitude, as the direct intramode
scattering governed by the potenth%i{x) in equation (17). The conclusion immediately
follows that neglect of the evanescent modes in solving the problems of wave and particle
propagation in waveguides is not quite correct in general. The present results demonstrate
that this question needs special analysis every time it arises.

Appendix A. Deriving the equation for the single-mode Green function

In the case of the CCB waveguide, when equations (11), (12) hold, equation (9) for the
mode Green functiois,,, (x, x) is represented as

m=1

2 erio— (™5 N AN A G ) - e
+ kn + i0 V()C) Gnn’(xa X ) Anmu(x)Gmn’(x» X ) - 81m’8(x X )
0x2 d d

(A1)

This equation with radiative boundary conditions at the strip ends+L/2 is obviously
equivalent to the Dyson-type integral equation

n 2 aL)2 .
G (. ) = GO — ¥ o + (7) s GO (1x — 1) V(1) G (51, 1)
—L/2
4 X L/2 R
+ 22 da GP(x = xa) Al (31) G (31, ). (A2)
m=1Y—L/2

Here G (|x — x'|) is the unperturbed Green function, being the solution of equation (A1)
atV(x) = U(x) = 0. A

As A,, = 0, the equations (Al), (A2) do not contain terms wit{x) acting on
G, (x,x"). To account for this action we have to substitatg, (x, x") in the form (A2)
into the last term in the I.h.s. of equation (Al). In doing so we obtain the perturbative
terms proportional to the operators Ui/ andi{/V. Restricting ourselves, in view of the
mildly sloping asperities (13), to just perturbations quadrati§’i), we neglect the terms
containing the produd?). Then we get

92 . 2.
(— + kG + I0> G (x, x") — (jfd—n) V()G (x, X)

9x2
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( ) Z Al (x) dxl G (1x = x1)) Ay U (61) G (x1, ')

m,m'=1 -L/2
’ 4 9 (V)] /
=8ué(x —x') + EAnn/U(X)Gn/ (Ix = x7]). (A3)

It immediately follows from equations (A3), (10) that all of the off-diagonal Green functions
G, (x,x") with n # n’ are small compared to the diagonal ones due to the second term in
the r.h.s. of equation (A3).

Let us rewrite equation (A3) for the single-mode Green functin(x, x’):

92 7\2.
(8 5 + k2 + I0>G11(X x') — (3) V(x)G1a(x, x")

( ) ZAlmuoc) / dxy GO (1x — x1)) Apald (x1) G11(x1, x')
L/2

4 R L/2 N ,
- (5) Z Al (x) / dxy G (1x = x1]) Ayt (x1) G 1 (51, X)
—L/2

=8(x —x). (A4)

m,m'=2

The last term in the I.h.s. of this equation has only off-diagonal Green functionsavith2
and can be consequently omitted. Thus we get from equation (A4) the asymptotically
justified closed equation faG11(x, x').

The mean value of the perturbative operator quadratit/ im equation (A4) differs
from zero. The zero-mean-valued operator necessary for the subsequent averaging over the
random fields can be obtained by merely subtracting the mean value of the original operator
from itself. In doing so we arrive at the equation

2
(38 Skt |0) Gua(x, x') - (g) V()G ux, x)

aN2 L2

- (—) dyy K (x, x1)G11(x1, x)
d) J_ip

L/2
( ) ZAim / dy (UG (Ix — xa)U (x1))G11(x1, X')

=8(x —x'). (A5)

Here the novel perturbation operator has occurred specified by the kérmek’), equ-

ation (18). Also, an additional—i.e. the last—term has appeared in the lL.h.s. of equ-
ation (A5). Detailed analysis shows that this term gives rise to the small real renormalization
of the wavenumbek; and has no effect on the relaxation processes. This permits us to
drop it from equation (A5) and come directly to equation (17).

Appendix B. Formulation of the correlation relations for the space-averaged random

fields

In section 3 we performed an averaging over the rapid phases, and arrived at equations (23)
in which the functions;(x) and .. (x) could be written as the sums

n(x) = 5§ (x) + S (x) C-(x) = Sy (x) + S5 (x) Ce(x) = £ (x). (B1)
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The random fieldss (x) and £ (x) are associated with the potentiatéx) and K (x, x1):

1 (7\? [Hde s -
S:I: — - e—lklx / e:i:lklx B2
v 2k1<d> /xfl 2 Ve (B2)
1 [4\? (¥t dy L2 N :
Sy =5 = — drp ehY K (x/, xp)eth, B3
o) 2ky <d> /x—l 2 J 1 ! (- x1) (B3)

Here the length is chosen arbitrary within the interval
maxtk;, R.} < 1 < min{Ly, L}. (B4)

In this appendix we describe a way to obtain the correlation relations (24). We will
demonstrate this with a simple example of correlators of the fi61§1(3x) only. By
substitutingfi(x) in the form (7) into equation (B2) and expressifg:) as the Fourier
integral, we get

1 (7\? [ dg * dg! .
+ _ _ = X X ’r_ r_
SE(x) = Zkl( d) [ % (gx F ko) / 3 (g, — q.) expli(g, — k1)x]

sinfg, — k)l [z, , - s
o 56— a0 T k) - €4l — 408 7 ko)
(B5)
with £(g,) being the Fourier transform @f(x):
_ L/2
S(QX) = /2dx &E(x) eXp(—inx)- (BG)
L

Assumingé (x) to be the Gaussian random process we have the correlation equalities for
&(g,) resulting immediately from equation (11):

((g0)) =0 (E(g0)E(q)) = o°W(g) Algy + q7). (B7)
Here A(g,) indicates the ‘underlimitings-function:

L/2 ;
A(gy) = dx exp(£ig.x) = M — 218(qy). (B8)
—L/2 CIx/Z

From equations (B5) and (B7) we deduce the following integral expression for the
binary correlation function:

1 2 . 4 o0 dq dq/ dq// dqw
+ + N\ X X X X r_ "
(Sy ()Sy (x)) = <_2k1) <_d ) /_oo ot (gx F k1) (g — q) (g, F k1)

" n

x (g7 — q)W(g: F k)W (g, — q») explig, — ko)x +i(g) — k1)x']
sin[(g; — kv)l] sin[(gy" — k1]
(q; — ko)l (g — k)l
x A(q +q, F 2k1) [A(q) + g F 2k) + Alq) + g, — g« Fk)].  (BI)

The integrand of equation (B9) contains three types of sharp function. The fitsigig
with the variation scalg, ~ L™, the secondW (q,), varies asg, ~ R;l, while the third
type are those of the form sip./)/¢,l. Owing to equation (B4), the function(q,) is the
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sharpest in the integrand. With its aid we take the integrals @¥@ndg.’. Thegq,-integral

X

is evaluated through use of third-type sharp functions. In this way we obtain the formula

3r1 4 dg,
(SE)SER)) = (%) / L F kD)2W gy F ko)

Skf oo 27T
x [(gx — k1)*W(gx — k1) + (qx + k1 F 2k2)*W (qx + k1 F 2k1)]
X expl-i(ky F k1) (x + x)] F(x — x'). (B10)
The functionsF,i(x) in equation (B10) are
Fre = ooy g = SRR g oy e

2 8k11?
The functionﬂ*(x) is sharp within the scales; and L with mean value unity:

/OO dr F'(x) = 1. (B12)

Thus this function can be replaced by thdunction in the correlatokS;; (x) S} (x")). At
the same time, the functiod;” (x) is intrinsically small in the parameteiy/) > <« 1
and, consequently, is allowed to be set to zero. Taking this into account we get the final

expressions for the correlators (B9), with the accuracy prescribed by the conditions (B4):
SF@)SF ) = LHV VS (x — x
(Y()Y(,» TV VIS (x — x) (B13)
(Sy ()8 (x)) = 0.

Here, L,{VV} stands for the electron relaxation length conditioned by the poteﬁ(iya)
and corresponds to the forward electron scattering. From equation (B10) it follows that

1 (no\* [® dg
LYvvy= = — = ¢*W3(qy). B14
Fvi= s (5) [ atwia ®14)

Performing analogous calculations for the correlat(cSﬁS(x)S‘f* (x")) we find, with the

same accuracy,
(Sy (@) SF*(x)) = L;i{vvw(x —x) (B15)
(Sy ()8, *(x)) = L, {VV}§(x —x).

Here L,jl{VV} is the backward-scattering relaxation length specified by the expression

1 (no\* [>®d .
LY{vV) = ﬂ(7> [ N sz (kf — q2)*W (k1 — g W (k1 + ). (B16)
Calculation of all of the remaining correlators of the functions (B2), (B3), necessary
for obtaining the correlation relations for the fielgéx) and ¢..(x), can be done in a very
similar way. Minor additional complications are connected with the unwieldy structure of
the kernelK (x, x1) only, equation (18). They can be easily overcome by keeping in mind
the weak-scattering conditions, equation (15). The result is given by equations (24)—(26).
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