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We calculated the spectrum of normal scalar waves in a planar waveguide with absolutely soft randomly rough

boundaries.
instead on the exact boundary scattering potential.

function of the dispersion /2 of the roughness heights (with square-root singularity) as 2 — 0.

Our approach is beyond perturbation theories in the roughness heights and slopes and is based
The spectrum is proved to be a nearly real nonanalytic
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In finite systems long-distance (waveguide) signal
propagation is caused by multiple reflections of
the signal from opposite lateral boundaries. If the
boundaries are irregular, each of the reflections is
accompanied by noncoherent scattering of the wave.
The multiple successive scattering events lead to
substantial dephasing and attenuation of the signal.

As far as we know this effect was first consistently
treated in Refs. 1 and 2. This simple and physically
clear approach was based on the perturbation theory
in the squared rms height ¢ of the boundary roughness
and therefore required a small enough ¢, i.e., (k,{)? <
1,((/R,)? < 1,and k¢(%2/R. << 1. Here £, is the trans-
verse (normal to the waveguiding direction) component
of the wave vector k and R. is the mean length of
the boundary defects. More recently®~® the theory of
wave scattering from statistically rough surfaces was
extended to arbitrary values of the Rayleigh parameter
(k»{)? through the expansion in small roughness slopes
[({/R.)* <1].

In this Letter we put forward an approach that is
nonperturbative in the roughness heights and slopes.
It is based instead on the exploitation of the exact
boundary scattering operator. Because of this we
extend the waveguide theory to the quite-general
conditions of weak scattering [see relations (8), below],
which are much less restrictive than those of the above
approximations. The most impressive advantage of
our method is that it leads to new physical results
even for the region of small heights ¢, in which the
waveguide propagation is believed to be well studied.
The most surprising result is a nonanalytic (square-
root) dependence of the waveguide spectrum on the
dispersion (2 of the roughness heights. This nonana-
lyticity in principle cannot be derived perturbatively,
which means that the exact randomly rough boundary
can never be reduced to a smooth random-impedance
boundary.

We consider a two-dimensional (planar) strip con-
fined to a region of the xz plane defined by &é(x) = z =
d, where £(x) is a Gaussian-distributed random func-
tion of the longitudinal coordinate x characterized by

(E@) =0, (@) =2W(lx —«). QD

The angle brackets denote an average over the
ensemble of random functions &(x). The binary coef-
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ficient of correlation W(|x|) has unit amplitude and
a typical width of R.. The spatial distribution of a
scalar wave field inside the strip is governed by the
Helmholtz equation, and the temporal dependence is
described by the factor exp(—iwt), & = w/c. Both
boundaries z = £(x) and z = d are supposed to be abso-
lutely soft, i.e., the field vanishes at these boundaries.
We seek the averaged Green’s function (G(x, x'; z, 2'))
of this Dirichlet boundary-value problem.

The exact integral equation for G(x, x’; z, z’) can be
obtained through the use of Green’s theorem:

Gx,x'52,2') = Go(lx — x'[; 2,2")

o0
N [ dx,dz; Gollx — %1; 2, 2)E (x5, 20)G (s, 2 25, 2)
—00

(2)

where é(xs, z,) is the effective scattering operator,

o dexy) a }
02 dx, 0xg 3)

E(xs,25) = S[zs — f(xs)][

and Go(|lx — x'|; z, 2/) is the Green’s function for the
ideal (smooth) strip with £(x) = 0.

To perform averaging of Eq. (2) we apply the elegant
technique derived in Ref. 7. As a result, we find the
averaged Green’s function:

(G(x,x"52,2") = Gllx — a'l;2,2))
= [ S esplibute — NG ka2, ),
4)
where longitudinal Fourier transform G(k,; z, 2/) is

given by

Golky;2,2)

~ . 1y =~ ’
Gk 2,20 = T o ad) M (k)

(%)

Here &, = k,(ky) = (B2 — £.2)V2 and G (ks; 2, 2') is the
Fourier transform [similar to Eq. (4)] of Gy(|lx — x'[;
z, z'). The self-energy M (k,) is defined by the binary
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correlator of the scattering operator (3):

Mk = [ dede,/de, SR exp- i) (B 2)
. . ,

X gO(lxs - xsll;zs,zs/)E(XS/; Zs/)>eXp(ikxxs/) % .

(6)

By equating the denominator of relation (5) to
zero, we obtain the dispersion equation for the
rough-bounded strip whose solution in the lowest
(linear) order in M(k,) is k, = k, + Ok,. Here

= [k% — (wn/d)?*]"? is the unperturbed longitudinal
wave number of an nth propagating normal mode and
Sk, is a complex modification to %, that is caused by
wave scattering from the irregular boundary:

8kn=yn + i(2L,) " = —~M(k,) (7n/d)* /knd . (7)

The real part vy, of 6k, is responsible for variation
of the phase velocity (for dephasing), and L, is the
attenuation length for the nth mode.

In fact, a form of the solution given by rela-
tions (5) and (7) is common and well known.2” Our
improvement lies in the self-energy M(k,) [Eq. (6)].
This equation is nothing but a first nonvanishing
(quadratic) term in an expansion of M (k,) in powers
of the exact scattering operator [Eq. (3)]. We stress
that such an approximation is essentially different
from and is much more general than an extensively
exploited first term in expansions of M (k,) in powers
of the dispersion ¢2 or squared slopes ({/R.)?.

To find the domain of validity for Egs. (6) and
(7) one can use the ideas proposed in Ref. 8. We
have proved that this domain coincides with the two
natural requirements of weak wave scattering, which
are equations themselves with respect to the external
dimensionless parameters (k)2, kR., kd /7, and n:

The first of these relations implies the smallness
of the complex phase shift over the distance A, =
2k,d/(7mn/d) passed by an nth mode between two suc-
cessive reflections from the rough boundary. This
condition also ensures the smallness of 8k, in com-
parison with %,, because the inequality £,A, = 1 al-
ways holds. The second of relations (8) indicates that
the phase shift must remain small over the typical
variation scale R, (effective correlation radius) of the
boundary scattering potential. Obviously this is the
necessary and sufficient condition for correctness of
statistical averaging over £(x).

We next calculate the correlator and the integrals
over z, and z;/ in Eq. (6). Then we substitute the
result into Eq. (7) and extract the real y,, and the imag-
inary (2L,)"! parts of 5%k,. Finally, we get explicit for-
mulas for v, and L,:

2 2 Id !
yo = £ d) > DY (gl )
(7n/dy? (7n/dy?

— Ws (&,

—kw)] = My(k,) + 247

knd knd
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= 7Tn//d [
xn’:nzdﬂ oo ld dx exp(—|k,|x)
X Relexp(—iknx) W (kn, ilkwl;0)],  (9)
L (an/d)? & (an'/d)?
L' =0 d 2 g Welknkn)
+ We (kn, — k)] (10)

Here integer ny; = (kd/m) is the number of propa-
gating normal modes in the smooth strip. The func-

tion W(ky, q.; x) is the generalized coefficient of

correlation [ W (k,, q.; x) = W(|x|) as {2 — 0]:

~

w(kxy Qx; x) = (4k2q2§2)_1

X {[(kz +q.) + (ks + q.) (R

_ ﬁ_@)
x Qx)(kz s

%}S(kz +q.,k: + ;%)

_ _ 2
(kx — qx) %.q.

[k = @+ e = e = 0 (2 + Z—)

# k= 00 2 |8 (k. - guohe — o) + 20k — )
a2 - b e - g0
XSk, + gk~ @0fs (D
S(t1,t2;%) = (t1t2) 'sinh[t122> W (|x)]
X exp[—(t1® + 2%)0%/2], (12)
where ¢, = k.(g,) and the functions Ws(c)(kx, qyx)

stand for sine and cosine Fourier transforms of

W (k,, q.; x), respectively. The component Ms(k,) of
the self-energy is given by

k2 - {
— 2S8(k, + wn'/d,k, — wn'/d;0)
2k.2d n;

MZ(kx) =
- Sk, + wn'/d, k, + 7n'/d;0)

— Sk, — wn'/d, ky, — wn'/d;0)

- % TSk, + wn'/d, ks + 70’5 0)

— Sk, — wn'/d, k, — Wn’/d;O)]}- (13)

An essential distinction between y, and L;! is that
the latter is formed by scattering of a given nth
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propagating mode into propagating modes with n’ < ny4
only, whereas the former has a much more complicated
structure owing to contributions of both propagating
and evanescent (n’ > ng) modes. This feature is the
basis for surprising properties of y,.

Next we discuss the results. We first consider
relatively simple and widely used limiting case of small
boundary perturbations,

(RO < 1. (14)

Here we simply reduce Eq. (10) for L, to the standard

result from Refs. 1 and 2 by replacing W (ky, gx; x)
with W(|x|). However, y, [Eq. (9)] shows unconven-
tional behavior. The reason for this is that the last two
terms of Eq. (9) are mainly formed by those evanescent
modes whose normal wavelengths (7n'/d)! are of the
order of the roughness height /. Each of these reso-
nant modes makes a contribution to vy, that is pro-
portional to /2, and the number n' of these modes
is ~d/{ >> ng, i.e., it is inversely proportional to (.
These two properties yield a linear dependence of vy,
[Eq. (9)] on the roughness height /:

Yn ~ {(mn/d)*/k,d . (15)

Relation (15) is the main result of this Letter. It leads
to the following significant conclusions:

1. Since L,' « (2 and y, « { as {2 — 0, y, > L, 1,
and hence the entire spectrum shift 5%, [Eq. (7)] turns
out to be nearly real, i.e., 6k, = v, « ¢. This means
that a signal propagating through a weakly corrugated
waveguide is dephased over much shorter distances
than its initial amplitude is damped.

2. From relation (15) and conclusion 1 it follows
that 6%, is a nonanalytic (square-root) function of the
dispersion ¢2: 8k, = (£2)V2.

3. Usually it is believed that condition (14) is suf-
ficient to enable one to infer that any long-wave nor-
mal mode with (k,¢)? << 1 [i.e., with (7n/d)™1 > (]
is scattered mainly into the long-wave modes as well,
(wn'/d)t >> ¢. This assumption allows immediate re-
placement of the exact Dirichlet boundary condition,
formulated on a randomly rough boundary, with an ap-
proximate impedance condition formulated on the av-
eraged (deterministic) boundary z = 0 with random
impedance £(x). We have proved that such a reduc-
tion is groundless, because the resonant evanescent
modes with (7n//d)™! ~ { dominate. Thus the prob-
lem of wave propagation through a waveguide with an
absolutely soft random boundary cannot be reduced to
that with a smooth random-impedance boundary, even
for arbitrarily weak perturbations.

An important step in analyzing relation (14) is to ob-
tain the explicit weak-scattering condition. According
to relations (8) and (15), we find that relation (8) can
be rewritten as
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(k.0)? = (wn/d)*¢* < min[1, (A,/R.)*]. (16)

This inequality is automatically satisfied within rela-
tion (14) if successive reflections of an nth mode from
the rough boundary are not correlated? (R, << A,).
However, if the correlations are strong (A, <<R.),
then Eq. (16) supplements relation (14) and can be-
come even more restrictive than relation (14). Note
that the roughness slope /R, can far exceed unity
within the limit of relation (14) and Eq. (16).
The situation with large boundary defects, when

(RO)?2>1, a7

is much more diverse and complicated than the case of
relation (14). For the most part it is analyzable only
numerically. Here we list a few related results:

1. In contrast with the case of relation (14), the
imaginary part of 6k, [Eq. (7)] may well compete with
its real part. Moreover, the situation with L}l = |y,lis
rather typical.

2. The real spectrum shift y, reverses sign as k¢
reaches some threshold value k¢ = 1.5—-2.5, which is
slightly dependent on the other parameters. So the
large boundary defects [relation (17)] may not only
decrease but also increase the phase velocity of a
propagating wave.

3. As k{ = 2, 5k, is almost insensitive to the slope
{/R. and to the presence of the shadowing effect,
which is controlled by the Fresnel parameter 2(2/R..
However, as k¢ = 2, weak-scattering conditions (8)
are fulfilled only for slopes that are not too steep
(¢{/R. = 2-3), whereas the strong shadowing effect is
still allowed (k¢2/R, < 8-10).
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