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Electron localization in narrow surface-corrugated conducting channels:
Manifestation of competing scattering mechanisms
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Transport properties of narrow two-dimensional conducting wires in which the electron scattering is caused
by side edges roughness have been studied. A method for calculating dynamic characteristics of such conduc-
tors is proposed which is based on a two-scale representation of the mode wave functions at weak scattering.
With this method, fundamentally differentby-heightandby-slopescattering mechanisms associated with edge
roughness are discriminated. The results for single-mode systems, previously obtained by conventional meth-
ods, are proven to correspond to the former mechanism only. Yet the commonly ignored by-slope scattering is
more likely dominant. The electron extinction lengths relevant to this scattering differ substantially in func-
tional structure from those pertinent to the by-height scattering. The transmittance of ultraquantum wires is
calculated over all range of scattering parameters, from ballistic to localized transport of quasiparticles. The
obtained dependence of scattering lengths on the disorder parameters is qualitatively valid for an arbitrary
intercorrelation of the boundaries’ defects.
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I. INTRODUCTION

The influence of different-types of inhomogeneities a
defects on transmission properties of waveguides for b
quantum and classical waves is a subject of long-term in
sive research. Most theoretical studies have been restrict
flat surfaces. In practice, however, side boundaries of me
scopic conductors are either inherently rough~due to growth,
fracture, etc.!, or artificially patterned~e.g., due to litho-
graphic preparation!. One way or the other, surface
corrugated conducting systems find widespread applicat
in technology and material science~quantum conductors, op
tical fibers, etc.!, and, hence, it is often necessary to kno
how the shape of the confining surface affects the charg
classical wave transport in different systems.

Of peculiar interest for contemporary microelectronic
from both applied and theoretical viewpoints, are stripli
two-dimensional~2D! conductors of mesoscopic size. Now
days there exists widely established opinion~see, e.g., Refs
1–13 and references therein! that dynamic properties o
pure-in-bulk quantum wires, in particular two dimension
are largely determined by scattering the electrons from r
domly rough side boundaries of the conductor. This scat
ing mechanism is proven to be responsible for both rel
ation processes in multimode conductors8–10 and for
nondissipative~Anderson! localization of conduction elec
trons in narrow single-mode wires.2,3,11

In studying the electron transport in surface-corruga
systems two main problems are especially highlighted. O
of them is relevant to adequate description of the elect
scattering from statistically rough surfaces. The other,
namic, problem is pertinent to a proper consideration of
interference of multiply scattered quantum waves, which
essential for describing, within the framework of a perturb
tion theory, the effects resulting from nondissipative localiz
tion of the electron states.
0163-1829/2001/64~23!/235306~14!/$20.00 64 2353
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To resolve the first problem and make an adequate c
parison with experimental data, one needs a theory wh
relates transport properties of the conduction electrons to
shape of bounding surfaces of the conductor. Since
random-inhomogeneous flat wires fluctuations of both s
boundaries can be considered as either mutually indepen
or correlative, subject to the preparation technology, it is i
portant to trace the relation between the kinetic quanti
and the statistics of boundary irregularities, as well as mu
correlation of the opposite boundaries.

In a previous paper11 we studied the case of a single-mod
2D conductor with statistically identical rough side boun
aries. The particular model considered in Ref. 11 of a w
with completely correlated boundaries~CCB’s! is equivalent
to the deterministic waveguide system of constant wi
whose inhomogeneities consist in solely waveguide bend
was shown that the electron dynamics in such conduc
strips is governed by quite a different Hamiltonian than th
pertinent to the seemingly more general model of a 2D c
ductor with one boundary which is rough and the other id
ally flat.2 A substantial distinction of the Hamiltonians i
Refs. 2 and 11 have resulted in a qualitative functional d
tinction of the obtained scattering lengths.

The results of Refs. 2 and 11 provided the grounds
propose that in those works the quantum wave scattering
be assumed to be associated with fundamentally diffe
physical factors, namely, with a deviation of the boundar
from their ‘‘ideal’’ shape in Ref. 2 and a fluctuation of the
slopes in Ref. 11. Provided the supposition is true, wh
studying particle or classical wave transport in surfa
corrugated waveguide systems one has to distinguish
tween two different noninterfering scattering mechanis
which we call by-height~BH! and by-slope~BS! scattering.
However, it should be noted that quantum wave scatter
was analyzed in Refs. 2 and 11 for different waveguide
ometries and with the use of substantially different metho
©2001 The American Physical Society06-1
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Therefore, the conjecture stated in Ref. 11 about the rela
significance of these scattering mechanisms needs to be
ditionally substantiated.

To avoid possible misunderstanding and support our i
of different scattering mechanisms pertaining to the imp
fect boundaries of guiding systems, we examine the wa
guide ~conductor! geometry admitting of both BH and BS
scattering simultaneously. We consider a 2D conducting s
with statistically symmetrical rough boundaries~the abbre-
viation SSB will be used for such a strip, in contrast to t
CCB strip considered in Ref. 11!, which is physically equiva-
lent to a waveguide with a straight central line~guiding axis!
and a randomly fluctuating width. It will be shown belo
that the suggested model of the waveguide correspo
qualitatively to a 2D wire with opposite side boundari
whose intercorrelation can be thought of as arbitrary. For
SSB model, as well as for an arbitrary 2D waveguide,
presence is typical of both BH and BS scattering mec
nisms. It is noteworthy that these mechanisms compete
one another, depending on the statistical roughness pa
eters, even in the simplest case of boundary asperities b
small in height and rather smooth.

Technically, specifying the scattering mechanisms is m
most straightforward by reducing the problem of the elect
scattering from complicated boundaries of the conducto
the appropriate ‘‘bulk’’ problem specified by complex Ham
tonian but simple boundary conditions. An analysis of t
problem thus formulated can often be found much ea
than an analysis of the problem with complicated bound
conditions. In some cases it can even be performed non
turbatively. In this work, using such an approach, we m
aged to reasonably discriminate between BH and BS sca
ing mechanisms, and analyzed their competition in
electron-surface scattering. In addition, solving the ‘‘surfac
problem in a ‘‘bulk’’ formulation enabled us to carefull
trace such a finespectraleffect as the Anderson localizatio
of current carriers.

Note that the method for solving the problems of the b
surface scattering through reduction to the Hamiltonian fo
is not quite original. It was employed for a long time
theories of classical and quantum wave scattering, in part
lar in Refs. 14, 8, and 10, where nonlinear coordinate tra
formation was used, which smooths out the rough surfac
the flat one. In this paper, an analogous reduction of a ‘‘s
face’’ problem to the Hamiltonian formulation is made b
merely going over to thelocal mode representation. This
approach ensures the optimal choice of trial quantum st
which serve as a basis for the perturbation theory. In
view, it is essential that the mode statesa priori contain
information on the lateral confinement of the system un
consideration and, therefore, are more adjusted to a pe
bative treatment of transport problems in waveguidelike s
tems than the widely used isotropic plane-wave basis.

II. STATEMENT OF THE PROBLEM: CHOOSING
STATISTICAL MODEL

We consider a conducting strip of average widthD with
the nonuniform stretch of lengthL ~shaded region in Fig. 1!
23530
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occupying@in the (x,y) plane# the area restricted by the in
equalities

2L/2<x<L/2,
~2.1!

2D/21j1~x!<y<D/21j2~x!.

Functionsj1,2(x) describing the side boundaries’ roughne
are assumed to be random processes with zero mean va
It turns out to be more convenient for subsequent analysi
introduce, instead ofj1,2(x), two different random functions
viz.

w~x!5D1Dj~x! and jc~x!5@j1~x!1j2~x!#/2,
~2.2!

whereDj(x)5j2(x)2j1(x). Functionw(x) is nothing but
the fluctuating width of the strip, whereasjc(x) describes the
y coordinate of the randomly fluctuating central~symmetry!
line of the 2D waveguide. In terms of functions~2.2!, the
disordered region@Eq. ~2.1!# is represented by inequalities

2L/2<x<L/2,
~2.3!

2w~x!/21jc~x!<y<w~x!/21jc~x!.

A reformulation of the problem in terms of the characteris
functions is advantageous from a mathematical point
view. In addition, it gives one a clear idea of the part play
by different physical factors in quantum wave scattering
surface-corrugated conductors.

Bearing in mind the statistical nature of the problem u
der consideration, it is necessary to specify correlation pr
erties of random variables~2.2! in conformity with the con-
ductor geometry chosen. The mean values of functionsw(x)
andjc(x) are naturallŷ w(x)&5D and ^jc(x)&50; the an-
gular brackets stand for statistical averaging over realizati
of j1,2(x). Unlike the plain averages, the binary correlato
of functions ~2.2! are not so uniquely predetermined, b
depend significantly on the intercorrelation between the s
boundaries of the conducting strip. Here we consider a c
relation model in whose frames both of the boundaries
regarded statistically identical in that the functionsj1,2(x)
obey the equalities

^j i~x!&50 and ^j i~x!j i~x8!&5s2W~x2x8!, i 51,2.
~2.4!

FIG. 1. 2D electron waveguide with rough side boundaries p
taining to the SSB class.
6-2
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ELECTRON LOCALIZATION IN NARROW SURFACE- . . . PHYSICAL REVIEW B64 235306
Heres is the rms height of the asperities, which is thought
be identical for both of the strip edges,W(x) is the correla-
tion coefficient specified by the unit maximal value and t
correlation radiusr c .

As for the intercorrelation of the opposite-bounda
roughness, two marginal options seem to be distinct am
others for their particular symmetries. One of them, abbre
ated in Ref. 11 as the CCB model, in terms of a statist
formulation, implies the fulfilment of correlation equalit
^j i(x)jk(x8)&5s2W(x2x8) at iÞk; it is physically equiva-
lent to a 2D waveguide of constant width, whose inhomo
neities are in the form of random bends.

In this work, we make use of another particular model
which the displacements of the side boundaries comply w
the first of relations~2.4!, whereas for the opposite bound
aries the correlation equality holds:

^j i~x!jk~x8!&52s2W~x2x8!, iÞk. ~2.5!

It is easy to make sure that Eqs.~2.4! and~2.5! are equivalent
to the following correlations:

^jc~x!w~x8!&50, ~2.6a!

^jc~x!jc~x8!&50. ~2.6b!

Equality~2.6a! implies that the functionsjc(x) andw(x) can
be thought of, within the correlation approximation, as s
tistically independent random processes. The second equ
@Eq. ~2.6b!#, within the same approximation is consiste
with a deterministic relationj1(x)52j2(x), that holds true
in the case of the electron waveguide with side bounda
fluctuating symmetrically about the straight central line, as
shown in Fig. 1~the SSB model!.

From the linear response theory,15 the dimensionless con
ductanceg(L) ~in units ofe2/p\) at T50 is represented by
the expression

g~L !52
4

L2E E dr dr8
]G~r,r8!

]x

]G* ~r,r8!

]x8
. ~2.7!

Here G(r,r8) is the retarded one-electron Green functio
integration with respect tor5(x,y) runs over the area@Eq.
~2.3!# occupied by the irregular part of the wire. Within th
isotropic Fermi-liquid model, the functionG(r,r8) is gov-
erned by the equation

~D1kF
21 i0!G~r,r8!5d~r2r8!, ~2.8!

whereD is the two-dimensional Laplace operator, andkF is
the electron Fermi wave number. As to the boundary con
tions to Eq.~2.8!, in the direction of current~x! the conductor
will be regarded as open whereas in the transverse direc
~y! the zero~Dirichlet! conditions will be used. Note tha
formula ~2.7! is valid asymptotically under conditions o
weak scattering~WS!,16,17 which we assume in this pape
@see Eq.~4.1! below#.

The inhomogeneity of side boundaries of a wavegu
system can be taken into account in a number of ways.
most commonly used method reduces to a linearization
23530
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the exact boundary conditions in small fluctuations of bou
ing surfaces, thus leading to a reformulation of the init
rough-surface problem as a problem with regular bounda
specified by randomly varying impedances.18–20 However,
such an approach can result, in some cases, in a signifi
underestimation of the intermode scattering, which often
erts the primary control over the dynamics of waves with
bounded regions. It will be shown below that the entang
ment of waveguide modes is governed by a fluctuation of
confining surfaces insloperather than in theirdisplacement
from the specified ideal shape. Meanwhile, if one lineariz
the boundary conditions, it becomes precisely theheight of
the surface roughness that serves as a determining facto
wave scattering. Therefore, an entanglement of the mo
can either to a large extent or even entirely, be lost wh
expanding the boundary conditions in small heights of
surface roughness.

The intermode scattering can be taken into account us
the methods of Refs. 21–23 or with the method of ‘‘smoo
ing’’ coordinate transformation, used in Refs. 8, 10, and
In the latter papers, the dynamic problem pertinent to a s
tem with corrugated boundaries is reduced without any
proximation to the analogous problem related to the sys
with ideal boundaries, though governed by a more comp
Hamiltonian. This method is advantageous in that it enab
one to analyze the dynamics of quasiparticles without res
ing to the concept of ‘‘adiabaticity’’ of the confining
potential.24,25

Technically, the procedure of ‘‘smoothing’’ rough bound
aries of the conductor is most convenient to perform with
applying explicitly the coordinate transformation, which,
addition, is quite nonlinear in general case. The same re
can be obtained by going to the local~in lengthwise coordi-
natex) mode representation in Eqs.~2.7! and ~2.8!, i.e. by
performing a Fourier transformation in the coordinatey us-
ing the complete set of ‘‘transverse’’ eigenfunctions of t
Laplace operator which are consistent with boundary con
tions prescribed at the true walls of the wire,y56w(x)/2
1jc(x). In our case~Dirichlet conditions! we choose, for
definiteness, the functions

Sn~yux!5F 2

w~x!G
1/2

sinF S y2jc~x!

w~x!
1

1

2DpnG , nP:.

~2.9!

By substitutingG(r,r8) in the form of a double Fourier
series,

G~r,r8!5 (
n,n851

`

Sn~yux!Gnn8~x,x8!Sn8~y8ux8!,

~2.10!

into Eq.~2.8!, we arrive at the following set of equations fo
the coefficientsGnn8 of that series which we call hereafte
the mode Green functions:
6-3
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H ]2

]x2
1kF

21 i02S pn

w~x! D
2

@11jc8
2~x!#2S w8~x!

2w~x! D
2

3F11
~pn!2

3 G J Gnn8~x,x8!2
4

w~x! (
m51

(mÞn)

`

Anm

3F Ûj~x!2Cnm

jc8~x!w8~x!

w~x!
GGmn8~x,x8!

1
2

w~x! (
m51

(mÞn)

`

BnmF Ûw~x!2Cnm

w82~x!

w~x! GGmn8~x,x8!

5dnn8d~x2x8!. ~2.11!

The numerical coefficients in Eq.~2.11! have the forms

Anm5
nm

n22m2
sin2Fp2 ~n2m!G ,

Bnm5
nm

n22m2
cos2Fp2 ~n2m!G , ~2.12!

Cnm5
3n21m2

n22m2
,

Ûj,w(x) are differential operators of the types

Ûj~x!5jc8~x!
]

]x
1

]

]x
jc8~x!, ~2.13a!

Ûw~x!5w8~x!
]

]x
1

]

]x
w8~x!. ~2.13b!

The conductance expression@Eq. ~2.7!#, on substituting
the Green function@Eq. ~2.10!# and integrating over a coor
dinatey, is reduced to the form

g~L !52
4

L2E2L/2

L/2

dxE
2L/2

L/2

dx8 (
n,n851

Nc F ]Gnn8~x,x8!

]x

1 (
m51

(mÞn)

`

Fnm~x!Gmn8~x,x8!GF ]Gnn8
* ~x,x8!

]x8

2 (
m851

(m8Þn8)

`

Gnm8
* ~x,x8!Fm8n8~x8!G . ~2.14!

HereNc5@kD/p# is the number of ‘‘open conducting chan
nels,’’ that is, extended waveguide modes. The coeffici
matrix $Fnm% in Eq. ~2.14! is composed of the elements

Fnm~x!52Bnm

w8~x!

w~x!
~12dnm!24Anm

jc8~x!

w~x!
,

~2.15!
23530
t

from which it is evident that, subject to Eq.~2.12!, there are
no diagonal terms:Fnn(x)[0.

We emphasize that the set of mode equations~2.11!–
~2.15! is applicable for any correlation model of roug
boundaries. Equation~2.11! for the mode Green function
contains the effective electron-surface scattering poten
which consists of two~substantially different in their physi
cal meaning! types of terms. The first term@pn/w(x)#2 is
determined by a random local displacement of the wa
guide boundaries and, therefore, is responsible for the
scattering. All the other terms contain the gradients eithe
the wire widthw8(x) or of they coordinate of the symmetry
line, jc8(x). Consequently, they describe the BS electron sc
tering. Note that the structure of the BS part of the scatter
operator is not highly sensitive to the difference between t
specific models of the waveguide, when eitherw8(x)[0 or
jc8(x)[0. At the same time, depending on these models,
role of the BH term in the electron scattering changes dr
tically. Indeed, ifw8(x)[0 @i.e., w(x)5const], the electron
scattering arises only due to fluctuations of the roughn
slopes that are described by the BS terms withjc8(x). Other-
wise, whenjc8(x)[0 both the BS and BH scattering pote
tials are contributing. The case ofw8(x)[0 corresponds to
the CCB model of the waveguide11 ~constant width, bend-
type inhomogeneities! whereas the casejc8(x)[0 is physi-
cally equivalent to the SSB model with the correlation pro
erties @Eqs. ~2.4!–~2.6!# ~‘‘straight’’ waveguide with
fluctuating width!. So, we can conclude that the SSB mod
is qualitatively similar to the general one with arbitrary co
relation properties of the lateral boundaries. On the ot
hand, employing this model allows one to avoid excessiv
cumbersome calculations without sacrificing the quality
the results.

III. REDUCTION TO ONE-DIMENSIONAL DYNAMIC
PROBLEM

In studying the electron transport in bounded systems,
of the basic characteristics is the number of conducting ch
nels or, what is the same, the extended waveguide mo
However, the number of eigenmodes cannot in all ca
serve as a good quantum parameter if one addresses a w
guide with a variable cross section. Nevertheless, a form
tion of the investigated problem in a mode representatio
advantageous, since in this approach the mode structur
the conductor can always be fixed,Nc5const, while a
boundary displacement can be considered as a source of
turbation of the mode Hamiltonian in Eq.~2.11!.

In this work, bearing in mind the perspective of Anders
localization of the current carriers owing to such ‘‘edge p
turbations,’’ we consider asingle-modestrip with the average
width D confined within the interval

p/kF,D,2p/kF . ~3.1!

For the reasons being discussed below~also see the Appen
dix!, fluctuations of the conductor width will be regarded
be small as compared to its average value.
6-4
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Under restrictions~3.1!, the only element of the mod
Green function matrix$Gnn8% whose contribution to the con
ductance@Eq. ~2.14!# at weak scattering@see Eq.~4.1!# is not
parametrically small is theintramodepropagatorG11(x,x8).
Before deriving the closed equation for this function, it
worth noting that under certain conditions the operator
tentialsÛj,w(x) can be left alone in square brackets stand
in front of the intermodepropagatorGmn8 in Eq. ~2.11!. In-
deed, the relative part of the terms quadratic in roughn
slope and the linear terms in those brackets is estimate
the ratio

j82~x!

w~x!ukj8~x!1j9~x!u
;

s

D~11krc!
. ~3.2!

It is evident that if the rms height of the boundary displac
ment is small enough,

s/D!1, ~3.3!

one can neglect the terms that are quadratic inj8 in com-
parison with their adjacent linear counterparts. In additi
for the sake of simplicity of the subsequent calculation
will consider the boundary asperities to be also smooth,

s/r c!1, ~3.4!

yet without requiring their adiabaticity in the sense of Re
24 and 25.

Limitations ~3.3! and ~3.4! are common in solving the
problems of classical wave scattering using the perturba
theory.18 The restrictions are motivated by the necessity
eliminating the well-known ‘‘shadowing’’ effect. In view o
likeness of the mathematical technique, this issue arise
the considered quantum problem as well. However, un
conditions~3.3! and~3.4! there does not exist the wave sha
owing in a single-mode waveguide.

With all the above reasonings taken into account, we
tain the equation for the Green functionG11(x,x8), setting
n5n851 in Eq. ~2.11!:

F ]2

]x2
1k1

21 i02Vh~x!2Vs~x!GG11~x,x8!

2 (
m52

`

Û1m~x!Gm1~x,x8!5d~x2x8!. ~3.5!

Here we have introduced the notationk1
2 for the ‘‘unper-

turbed’’ lengthwise energy of the extended moden51:

k1
25kF

22K p2

w2~x!
L 2S 11

p2

3 D K F w8~x!

2w~x!G
2L . ~3.6!

The quantitiesVh(x) andVs(x) in the square brackets of Eq
~3.5! stand for theintramodepotentials, and have the form

Vh~x!5
p2

w2~x!
2K p2

w2~x!
L , ~3.7a!
23530
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Vs~x!5S 11
p2

3 D H F w8~x!

2w~x!G
2

2 K F w8~x!

2w~x!G
2L J . ~3.7b!

Assuming these potentials to be taken as a perturbation
design them purposefully to havêVh,s(x)&50. As to the
intermodeoperator potential in Eq.~3.5!,

Û1m~x!52B1m

2

w~x!
Ûw~x!, ~3.8!

it possesses this property by definition.
Although the mode Green functions in Eq.~3.5! depend

on a single space variable, the problem certainly canno
thought of as one dimensional for coupling the functi
G11(x,x8) to all intermode propagators with mode indic
mÞ1. Nevertheless, one can obtain a closed equation for
function, which at weak scattering permits a perturbat
analysis adequate to the diagrammatic method of Refs
and 16. In Ref. 27, the evidence was given that in the cas
an arbitrary 2D imperfect waveguide system governed b
set of dynamic equations of the same functional structure
that of the system~2.11!, all of the intermode propagator
Gmn(x,x8) can be expressed, by means of a linear opera
in terms of only one intramode Green functionGnn(x,x8).
Although for arbitrarily disordered systems this relation is
little practical value for the complex dependence on scat
ing potentials, under weak-scattering conditions the recip
cal operator expressions prove to be rather uncomplica
and readily analyzable. Referring the interested reade
Ref. 27 for the exact procedure, here we give a simple rec
for obtaining the approximate relation between the intermo
and intramode propagators, which is valid in the case
weak electron scattering.

This recipe, already used in Ref. 11, consists of solv
the set of equations~2.11! iteratively with respect to the in-
termode propagators entering Eq.~3.5!. By lettingn851 and
redesignating the mode variables, one can reduce Eq.~2.11!
to a set of inhomogeneous equations with respect to the fu
tions Gm1(x,x8) with m.1:

Ĝm
21Gm1~x,x8!2 (

k52
(kÞm)

`

Ûmk~x!Gk1~x,x8!

5Ûm1~x!G11~x,x8!. ~3.9!

It can be easily seen that all interesting propagatorsGm1 can
be expressed linearly through the single intramode propa
tor G11. In Eq. ~3.9!, Ĝm

21 is the differential operator from
curly brackets of Eq.~2.11!, where the term withjc8

2(x)
should be omitted, in accordance with the SSB model c
sen, and replacement of mode indices should be madn

→m. The intermode potentialsÛmk(x) in Eq. ~3.9! have a
form similar to operator~3.8!:

Ûmk~x!52Bmk

2

w~x!
Ûw~x!. ~3.10!

It is essential that in the case of weak scattering all Gr
functionsGm(x,x8), with the aid of which Eq.~3.9! is to be
6-5
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solved, belong to the class of so-calledevanescentfunctions.
They are sufficient to be taken in the unperturbed form~i.e.,
to zeroth order in boundary roughness! which are found to be
strongly localized:

G m
(0)~x,x8!52

1

2ukmu
exp~2ukmuux2x8u!. ~3.11!

Here ukmu5@(pm/D)22kF
2 #1/2.0. Since at weak scatterin

all of the intermode potentials entering Eq.~3.9! can be re-
garded as small~in functional sense!, the following approxi-
mate relation can be derived iteratively:

Gm1~x,x8!'E
2L/2

L/2

dx1G m
(0)~x,x1!Ûm1~x1!G11~x1 ,x8!.

~3.12!

By substituting Eq.~3.12! into Eq. ~3.5!, we eventually ar-
rive at a closed equation for the intramode propagatorG11:

F ]2

]x2
1k1

21 i02Vh~x!2Vs~x!GG11~x,x8!

2E
2L/2

L/2

dx1K̂~x,x1!G11~x1 ,x8!5d~x2x8!.

~3.13!

Equation ~3.13! contains complete information on th
scattering of single-extended mode electrons by the rou
ness of the conductor boundaries. While local potent
Vh(x) and Vs(x) are responsible for the intramode scatt
ing, the integral operator in Eq.~3.13! accounts also for the
intermode scattering. The kernel of this operator has the f

K̂~x,x8!52 (
m52

`

B1m
2 F S 2

w~x! D
2

Ûw~x!G m
(0)~x,x8!Ûw~x8!

2 K S 2

w~x! D
2

Ûw~x!G m
(0)~x,x8!Ûw~x8!L G , ~3.14!

being, in its turn, a differential operator. Similar to the intr
mode potentialsVh,s(x), the operator potential@Eq. ~3.14!# is
constructed in such a way as to make^K̂(x,x8)&50. This
certainly brings about an even greater complication of
exact form of the longitudinal energyk1

2 in comparison with
that given in Eq.~3.6!. But the smoothness condition@Eq.
~3.4!# makes it possible to omit the terms containing t
derivative w8(x) in the ‘‘unperturbed’’ mode energy, thu
replacing it with the simplified valuek1

2'kF
22^p2/w2(x)&.

At last, in formula~2.14! for the conductance, in view o
the single-mode geometry of the conducting strip@Eq. ~3.1!#,
one should keep only the terms with the diagonal mo
propagatorG11(x,x8). With Eqs. ~2.15! and ~3.4!, the con-
ductance expression reduces to a relatively simple form

g~L !52
4

L2E2L/2

L/2

dxE
2L/2

L/2

dx8
]G11~x,x8!

]x

]G11* ~x,x8!

]x8
,

~3.15!
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which will be the subject of further analysis in conjunctio
with Eq. ~3.13!.

IV. TWO-SCALE APPROACH TO THE PROPAGATOR
CALCULATION

Since we focus our attention on the single-mode quan
wires, the unperturbed Green functions@Eqs. ~3.11!# of all
higher modes withm>2 are real valued and strongly loca
ized in space. The kernel of the operator potential in E
~3.13! is thus Hermitian, which ensures the Hermicity of th
total Hamiltonian of the dynamic system.

Equation~3.13! can be solved asymptotically within th
WS approximation. This approximation is most convenie
to state in terms of spatial lengths inherent in the proble
We will arrange these lengths into two groups, viz. ‘‘micr
scopic’’ and ‘‘macroscopic’’ lengths. The electron Ferm
wavelength 2pkF

21 and the correlation length of boundar
asperities,r c , are assigned to the first group. Among t
macroscopic lengths there will be a scatteringl sc of the ex-
tended moden51 ~to be determined below! and the lengthL
of an irregular part of the conductor. In terms of the
lengths, the criterion for scattering to be classified as w
can be expressed through the following inequalities:

kF
21 ,r c! l sc ,L. ~4.1!

Note that the correlation between lengths pertaining to
same group~either microscopic or macroscopic! can be
thought of as arbitrary.

The retarded Green function entering the conductance
pression@Eq. ~3.15!# is a solution to theboundary-value
problem defined by Eq.~3.13! and the appropriate boundar
conditions. We assume the conducting strip to be open at
endsx56L/2 in the direction of the current. For an ope
waveguide system, Sommerfeld’s radiation conditions w
known in classical wave theory18,28 are appropriate. In the
case of 1D equation~3.13! they can be expressed in Leon
tovich’s form18,29

S ]

]x
7 ik1DG11~x,x8!U

x56L/2

50, ~4.2!

where the source is assumed to be placed inside the w
guide,x8P@2L/2,L/2#.

For lack of dynamic causality, the solution of Sturm
Liuville problem @Eqs.~3.13! and ~4.2!# is determined func-
tionally by the potentials in the bulk of the intervalxP
(2L/2,L/2). This makes it rather difficult to obtain the co
relation functions by applying the well-elaborated metho
of statistical analysis which are applicable to the evolutio
type problems. One of the commonly used methods aime
reducing boundary-value problems to evolutionary ones
the invariant imbedding method.29,30 Yet in this study we
apply a different approach which seems to be more gene
We will search for Green function of Eq.~3.13! in the form

G11~x,x8!5W21@c1~x!c2~x8!Q~x2x8!

1c1~x8!c2~x!Q~x82x!#, ~4.3!
6-6
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wherec6(x) are linearly independent solutions of the h
mogeneous equation~3.13! supplemented with radiation con
ditions analogous to Eq.~4.2! at only one of the strip ends
x56L/2, in accordance with the ‘‘sign’’ index ofc6 . The
Wronskian of those functions isW, andQ(x) is the Heavi-
side unit-step function.

It is advantageous for the further analysis to represent
functions c6(x) as superpositions of modulated harmon
waves propagating in opposite directions along thex axis:

c6~x!5p6~x!exp~6 ik1x!2 ig6~x!exp~7 ik1x!.
~4.4!

The WS approximation expressed in terms of inequali
~4.1! suggests that the ‘‘amplitudes’’p6(x) and g6(x) in
Eq. ~4.4! may be thought of as varying slowly as compar
to the ‘‘fast’’ exponentials exp(6ik1x). This makes it possible
to obtain ‘‘truncated’’ equations for those amplitudes by a
eraging the exact Schro¨dinger equation over ‘‘rapid’’ phases
as it is done in the theory of nonlinear oscillations.31 Specifi-
cally, we multiply both sides of the homogeneous equat
~3.13! from the left by the exponent function exp(7ik1x), and
then average all the terms over space interval 2l , which can
be chosen to have the arbitrary length between the mi
scopic and macroscopic lengths of the problem:

kF
21 ,r c! l ! l sc ,L. ~4.5!

The final result is not expected to depend exactly on
choice of the averaging interval.

By means of such a subaveraging, we arrive at the follo
ing set of first-order differential equations for the smoo
amplitudes:

6p68 ~x!1 ih~x!p6~x!1z6* ~x!g6~x!50,
~4.6!

6g68 ~x!2 ih~x!g6~x!1z6~x!p6~x!50.

The radiation conditions forc6(x) are reformulated as th
following ‘‘initial’’ conditions for the functionsp6 andg6 :

p6~6L/2!51, g6~6L/2!50. ~4.7!

V. STATISTICAL PROPERTIES OF SMOOTHED
POTENTIALS

At the last stage of developing the averaging proced
we specify statistical properties of the functionsh(x) and
z6(x) entering Eqs.~4.6!. These random fields are defined
narrow packets of spatial harmonics of the initial potenti
from the left-hand side of Eq.~3.13!:

h~x!5
1

2k1
E

x2 l

x1 l dt

2l FV~ t !1E
2L/2

L/2

dx1e2 ik1tK̂~ t,x1!eik1x1G ,
~5.1!

z6~x!5
1

2k1
E

x2 l

x1 l dt

2l Fe62ik1tV~ t !

1E
2L/2

L/2

dx1e6 ik1tK̂~ t,x1!e6 ik1x1G . ~5.2!
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Unlike the local potentialV(x)5Vh(x)1Vs(x), the operator
potentialK̂, which is specified by the kernel@Eq. ~3.14!#, is,
strictly speaking, nonlocal~the integrodifferential operator!.
Therefore, its part in the random fieldsh(x) and z6(x) is
described by more complicated expressions than those g
by V(x). In calculation of different correlation functions th
random fieldsh(x) and z6(x) are not of importance by
themselves, but only their statistical moments. Subject to
conditions, the latter can be calculated no matter what
locality of the corresponding potential may be.

At weak scattering, all the potentials in Eq.~3.13! may be
thought of as Gaussian distributed.32 Consequently, a knowl-
edge of binary correlators of those potentials is sufficien
govern the statistics of all physical quantities. It was sho
in Ref. 11 that under restrictions~4.5! for the averaging in-
terval l, only a pair of correlators of the potentialsh(x) and
z6(x) are not parametrically small, viz.̂h(x)h(x8)& and
^z6(x)z6* (x8)&. Regardless of the potential being local
not, a calculation of these correlators yields

^h~x!h~x8!&5
1

L f
Fl~x2x8!, ~5.3a!

^z6~x!z6* ~x8!&5
1

Lb
Fl~x2x8!. ~5.3b!

The function

Fl~x!5E
2`

` dq

2p
eiqx

sin2~ql !

~ql !2
5

1

2l S 12
uxu
2l DQ~2l 2uxu!

~5.4!

in Eqs.~5.3! is sharp on the scale of macroscopic lengths,
hereinafter it can be regarded as thed function in the ‘‘dis-
tributional’’ sense,Fl(x)→d(x).

The coefficientsL f ,b
21 in Eqs. ~5.3! represent the inverse

scattering lengths, forward~f! and backward (b), respec-
tively. They are contributed by all the potentials that result
both BH and BS scattering in Eq.~3.13!. In calculating these
coefficients, it should be borne in mind that one can dis
gard the correlation between the ‘‘height’’ potential@Eq.
~3.7a!# and the ‘‘slope’’ potentials@Eqs. ~3.7b! and ~3.14!#
because of the height fluctuationj(x) and slopej8(x) being
uncorrelated in WS limit.18 This permits us to perceive po
tential ~3.7a!, on the one hand, and potentials~3.7b! and
~3.14!, on the other hand, as being associated with so
different additive and mutually noninterfering scatterin
mechanisms. In such a way we obtain

1/L f ,b51/L f ,b
(s) 11/L f ,b

(h) . ~5.5!

Scattering lengthsL f ,b
(s) ~both forward and backward! as-

sociated with ‘‘slope’’ potentials similar to Eqs.~3.7b! and
~3.14! were previously studied in Ref. 11 for a CCB model
a roughly bounded strip. Although the CCB waveguide
somewhat different from the SSB waveguide addressed h
the difference appears to arise only in numerical factors
the potentials considered in Ref. 11 and potentials@Eqs.
~3.7b! and ~3.14!# of this work. Therefore, referring the
6-7
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reader to Ref. 11 for technical details, here we present
final expressions for the inverse scattering lengths assoc
with BS scattering, which are valid for the SSB wavegui
model:

1

L f
(s)

5
1

2k1
2 S s

D D 4E
2`

` dq

2p
q4W̃2~q!

3H S 11
p2

3 D12 (
m52

`

B1m
2 @~2k11q!2G̃m

(0)~k11q!

1~2k12q!2G̃m
(0)~k12q!#J 2

, ~5.6a!

1

Lb
(s)

5
1

2k1
2 S s

D D 4E
2`

` dq

2p
~q22k1

2!2W̃~q2k1!W̃~q1k1!

3F S 11
p2

3 D14 (
m52

`

B1m
2 ~q22k1

2!G̃m
(0)~q!G2

.

~5.6b!

The functionsW̃(q) andG̃m
(0)(q) in Eqs.~5.6! are the Fourier

transforms of the correlation functionW(x) from Eq. ~2.4!
and the evanescent Green function@Eq. ~3.11!#, respectively.

As regards the BH scattering due to potential~3.7a!, the
corresponding scattering lengthsL f ,b

(h) is worth considering
here in more detail. At first glance, it seems natural to fi
their by expanding the potential~3.7a!, with condition~3.3!,
in small fluctuations of the conductor width:

Vh~x!'2
2p2

D3
Dw~x!. ~5.7!

However, in trying to improve the obtained inverse scatter
lengths by retaining the terms of higher order inDw(x) it
turns out that the corresponding series converges non
formly, so that for its convergence it is necessary to hol
great number of terms. The similar problem was encounte
earlier in Ref. 33, where the artificial ‘‘cutting’’ paramete
was introduced for the corresponding series to become
mately convergent.

This difficulty can be overcome if the expansion of t
BH potential in a series of small displacement of the con
ing surfaces is discarded, but the exact expression@Eq.
~3.7a!# is used instead. This can be easily done for the ga
ian roughness model, the appropriate scheme being
sented in the Appendix. With this technique, for inverse sc
tering lengths pertaining to potential~3.7a!, one can obtain
the expressions below, which are valid in the case of sm
boundary asperities@Eq. ~3.3!#:

1

L f
(h)

5
4p4s2

k1
2D6

W̃~0!, ~5.8a!

1

Lb
(h)

5
4p4s2

k1
2D6

W̃~2k1!. ~5.8b!
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It is noteworthy that extinction lengths~5.8!, being obtained
by rigorous calculation, coincide exactly in form with thos
obtained by means of the lowest-order expansion@Eq. ~5.7!#
of Hamiltonian~3.7a! in powers ofDw(x).

VI. CONDUCTANCE AND RESISTIVITY MOMENTS

To perform a statistical averaging based on the effec
zero-scale correlation of all random potentials@see Eqs.~5.3!
and ~4.5!#, it is necessary to express the conductance@Eq.
~3.15!# in terms of smooth amplitudesp6 and g6 . Under
WS conditions @Eqs. ~4.1!#, when substituting the Gree
function in the form of Eq.~4.3! into expression~3.15!, it is
sufficient to differentiate over coordinate variables only fa
exponentials in wave functions~4.4!. As a result, the conduc
tance takes on the intermediate form

g~L !5
4k1

2

L2uWu2
E

2L/2

L/2

dxH @ up1~x!u22ug1~x!u2#

3E
2L/2

x

dx8@ up2~x8!u22ug2~x8!u2#

1@ up2~x!u22ug2~x!u2#

3E
x

L/2

dx8@ up1~x8!u22ug1~x8!u2#J . ~6.1!

Within the same accuracy, the WronskianW in Eq. ~6.1! is
equal to

W'2ik1@p1~x!p2~x!1g1~x!g2~x!#52ik1p6~7L/2!,
~6.2!

where the last equality is a consequence of ‘‘boundary’’ co
ditions ~4.7!, which are valid within the WS approximatio
as well.

Formula~6.1! can be simplified if the symmetry prope
ties of Eq.~3.13! and the hermicity of the corresponding 1
Hamiltonian are taken into account. Since the problem
Eqs.~4.6! and ~4.7! is of evolutionary type, its solution can
be represented in terms of anx-ordered matrix exponential:

I6~x!5T̂x expF6E
x

6L/2

dx8b~x8!G . ~6.3!

Here the matrices of smooth amplitudesI6(x) have the
forms

I1~x!5S p1~x! g1~x!

g1* ~x! p1* ~x!
D , I2~x!5S p2~x! g2* ~x!

g2~x! p2* ~x!
D .

~6.4!

b(x) is a random field matrix,

b~x!5S ih~x! z1~x!

z2~x! 2 ih~x!
D , ~6.5!

whose off-diagonal elements are interconnected by
equality z2(x)5z1* (x). The operatorT̂x in Eq. ~6.3! ar-
6-8
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ranges the multipliers in each of the terms of the exponen
series in order of decreasing their coordinate arguments f
left to right.

Taking advantage of the operator identity ln detA
[Sp lnA, matrices~6.4! can be shown to be unimodular,

detI6~x!5up6~x!u22ug6~x!u251. ~6.6!

This relation, along with equality~6.2!, results in the follow-
ing form of the conductance of a single-mode wire:

g~L !5up6
21~7L/2!u2. ~6.7!

Holding to Landauer’s concept, the quantityp6
21(7L/2) is

to be interpreted as the transmission coefficient of a sin
mode quantum waveguide of lengthL. This interpretation is
supported by the following argumentation. From the str
ture of wave functions~4.4! it follows that the ratioG1(x)
5g1(x)/p1(x) is defined as the reflection coefficient fo
the harmonicsk1 incident onto the interval (x,L/2) with a
unit amplitude from the left-hand side. Corresponding
G2(x)5g2(x)/p2(x) represents the reflection coefficie
of the harmonics2k1 incident onto the interval (2L/2,x)
from the right-hand side. Subject to this definition, Eq.~6.6!
can be rewritten in the form of the conservation law in
non-dissipative medium,

uG6~x!u21up6
21~x!u251, ~6.8!

whereupon the interpretation of quantity~6.7! as a square
modulus of the transmission coefficient of the disordered
terval (2L/2,L/2) seems to be apparent.

With conservation law~6.8!, it is convenient to perform
subsequent calculations of the statistical moments of the
ductance using the equation forG6(x) rather than that for
the transmission coefficientp6

21(x). From Eqs.~4.6!, the
reflection coefficient can be found to obey the Riccati-ty
closed equation subject to the zero initial condition:

6
dG6~x!

dx
52ih~x!G6~x!1z6* ~x!G6

2 ~x!2z6~x!,

~6.9!

G6~6L/2!50.

The forward-scattering random fieldh(x) may be eliminated
from Eqs. ~6.9! by concurrent phase transformation of t
function G6(x) and the backscattering fieldz6(x):

G6~x!5G6
(new)~x!expF62i E

6L/2

x

dx8h~x8!G ,
~6.10a!

z6~x!5z6
(new)~x!expF62i E

6L/2

x

dx8h~x8!G .
~6.10b!

This transformation keeps the conductance@Eq. ~6.7!# and
the correlation relation~5.3b! unaffected, so one may pu
function h(x) in Eq. ~6.9! equal to zero. As a consequenc
the outcome for an arbitrary moment of the conductance i
be specified exclusively by thebackscatteringof the elec-
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trons, i.e. it will depend on the scattering length which i
verse value is the sum of inverse lengths@Eqs. ~5.6b! and
~5.8b!#.

To proceed further, consider thenth moment of the local
reflection coefficient squared modulus:

Rn
6~x!5^uG6~x!u2n&. ~6.11!

Since the stochastic problem@Eq. ~6.9!# is of evolutionary
type, it can be reduced, via the Furutsu-Novik
formalism,29 to the differential-difference equation for mo
ments@Eq. ~6.11!# ~also see Ref. 34!:

6
dRn

6~x!

dx
52

n2

Lb
@Rn11

6 ~x!22Rn
6~x!1Rn21

6 ~x!#,

n50,1,2, . . . . ~6.12!

HereLb
215Lb

(s)211Lb
(h)21 . The initial condition on the co-

ordinatex to the solution of Eq.~6.12! is

Rn
6~6L/2!5dn0 . ~6.13!

As for the dependence ofRn
6(x) on the discrete variablen, it

follows from definition ~6.11! that R0
6(x)51 and Rn

6(x)
→0 asn→`.

The solution of Eq.~6.12! that matches all the above men
tioned conditions can be expressed through the probab
function PL

6(uux) and represented, upon due parametri
tion, in the form

Rn
6~x!5E

1

`

duPL
6~uux!S u21

u11D n

. ~6.14!

Correspondingly, the statistical moments of the conducta
@Eq. ~6.7!# are represented by the following integral:

^gn~L !&5^„12uG6~7L/2!u2
…

n&

5E
1

`

duPL
6~uu7L/2!S 2

u11D n

. ~6.15!

To obtain the probability densityPL
6(uux) one should

substituteRn
6(x) in form ~6.14! into Eq. ~6.12!, thus obtain-

ing the Fokker-Plank equation

6Lb

]PL
6~uux!

]x
52

]

]u
~u221!

]PL
6~uux!

]u
, ~6.16!

which is supplemented, according to Eq.~6.13!, by the initial
condition on the coordinatex,

PL
6~uu6L/2!5d~u2120!. ~6.17!

In addition, normalization of the functionPL
6(uux) to unity

is ensured byR0
6(x)51. This implies that the distribution

function is integrable over the variableu, in particular, atu
→1 andu→`.

The solution to Eq.~6.16!, which meets the above men
tioned requirements, can be found by using the Mehler-F
transformation, and has the conventional form32
6-9
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PL
6~coshaux!

5
1

A8p
S L72x

2Lb
D 23/2

expS 2
L72x

8Lb
D

3E
a

` v dv

~coshv2cosha!1/2
expF2

v2

4 S L72x

2Lb
D 21G ,

~6.18!

where the change of a variable has been made:u5cosha,
a>0. With this expression, equality~6.15! yields a relatively
simple ~as well as suitable to analyze! formula for thenth
moment of the dimensionless conductance:

^gn~L !&5
4

Ap
S Lb

L D 3/2

expS 2
L

4Lb
D E

0

` zdz

cosh2n21 z

3expS 2z2
Lb

L D E
0

z

dy cosh2(n21) y,

n50,61,62, . . . . ~6.19!

Result~6.19! completely determines main averaged tra
port characteristics of a single-mode conducting strip. In p
ticular, although the conductance itself is not a self-avera
quantity, one can, in principle, calculate its self-averag
logarithm using the whole set of statistical moments@Eq.
~6.19!#. However, it is much easier to obtain this quant
directly from equations~4.6!, omitting cumbersome manipu
lations with a logarithmic series of terms~6.19!. Specifically,
by differentiating the quantityup6

21(x)u2 overx, we arrive at
the equation

6
d

dx
lnup6

21~x!u25z6* ~x!G6~x!1z6~x!G6* ~x!.

~6.20!

By integrating Eq.~6.20! over the interval (2L/2,L/2), with
Eq. ~4.7! taken into account, we immediately obtain the log
rithm of the conductance on the left-hand side. Before av
aging the terms in the right-hand side of Eq.~6.20!, we point
out that from Eq.~6.9! it follows that functionG6(x), being
considered as a functional of random fieldsz6 andz6* , de-
pends on the value of these fields exactly within the inter
(x,6L/2), according to the sign index (6). Since at weak
scattering all the above-mentioned random fields can be
garded as Gaussian-distributed functional variables, we
apply the Furutsu-Novikov formalism for its averaging29

The average of the first term on the right-hand side of
~6.20! can, therefore, be presented in the form

^z6* ~x!G6~x!&56E
x

6L/2

dx8^z6* ~x!z6~x8!&K ]G6~x!

]z6~x8!
L

5
1

2Lb
K ]G6~x!

]z6~x8!
L U

x8→x60

, ~6.21!
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where we have used the effectived correlation of the fields
z6(x) and z6* (x). The variational derivative in Eq.~6.21!
can be readily calculated with the use of Eq.~6.9!, and thus
it turns out to be equal exactly to unity. Finally, we arrive
the well-known result for 1D disordered systems,

^ ln g~L !&52L/Lb , ~6.22!

signaling the exponential fall of the conductance with
growing lengthL at the so-called representative~nonreso-
nant! realizations of the random potential.32

VII. DISCUSSION OF THE RESULTS

With the general formula~6.19!, we write expressions for
the average resistancêg21(L)& and the average conduc
tance^g(L)&. At n521 the integrals in Eq.~6.19! can be
calculated exactly, so the average resistance is equal to

^g21~L !&5
1

2 F11expS 2L

Lb
D G . ~7.1!

At n51 the integration can be performed asymptotically
the parameterL/Lb , giving rise to the following expression

^g~L !&'H 12L/Lb if L/Lb!1

221p5/2~L/Lb!23/2exp~2L/4Lb! if L/Lb@1.
~7.2!

Results~6.22!–~7.2! are completely in line with the con
cepts of the localization theory for one-dimensional dis
dered systems. Obvious indications of the ballistic elect
transport in short wires can be easily seen,g(L)'1 at L
!Lb . Also, no signs of diffusive motion of the electrons
long wires are present in any result. Conversely, in lo
wires, L@Lb , resistance~7.1! displays an exponential in
crease with a growing strip length, and the asymptotic@Eq.
~7.2!# shows an exponential decrease of the average con
tance as the lengthL exceeds the value of 4Lb . This behav-
ior is characteristic of conduction electrons undergo
Anderson localization. The inverse of the quadruple ba
scattering extinction length is equal to the Lyapunov exp
nent for the electron wave function in the case of dimens
unity,32 so that the quantityl loc54Lb is conventionally called
the ~one-dimensional! localization length.

Both formulas~6.19! and ~6.22!, and, hence, Eqs.~7.1!
and ~7.2!, are universal in that they are applicable for a
one-dimensional degenerate system subject to weakstatic
disorder. Only the particular dependence of scatter
lengthsL f ,b and, consequently, the localization lengthl loc is
determined by the physical nature of disorder. In this pap
we have found that if the boundary roughness proves to
the main cause of the disorder in a 2D single-mode cond
ing strip, the interpretation of a scattering mechanism may
substantially different, depending on the interrelation b
tween by-slope scattering lengths@Eqs.~5.6!# and by-height
lengths @Eqs. ~5.8!#. To make a correct comparison of th
lengths, the roughness statistics needs to be specified
will make a comparison for two characteristic models co
6-10
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sistent with the demand for analyticity of the random fun
tionsj1,2(x) descriptive of boundaries of the conductor. Sp
cifically, we examine the case of asperities subject to Ga
ian ~exponential! correlation statistics, W(x)5exp
tin
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(2x2/2r c
2), and those described by the Lorentz~power-type!

correlation functionW(x)5@11(x/r c)
2#21. For the Gauss-

ian roughness, from Eqs.~5.6b! and ~5.8b! estimates can be
obtained:
1

Lb
(h) U

Gauss

;S s

D D 2 r c

D2 H 1 if r c /D!1 ~ i.e., k1r c!1!

exp~22k1
2r c

2! if r c /D@1 ~ i.e., k1r c@1!,
~7.3a!

1

Lb
(s) U

Gauss

;S s

r c
D 4 r c

D2 H 1 if r c /D!1 ~ i.e., k1r c!1!

~k1r c!
4 exp~2k1

2r c
2! if r c /D@1 ~ i.e., k1r c@1!.

~7.3b!

If the height correlation is Lorentzian, the estimates change to the following:

1

Lb
(h) U

Lorentz

;S s

D D 2 r c

D2 H 1 if r c /D!1 ~ i.e., k1r c!1!

exp~22k1r c! if r c /D@1 ~ i.e., k1r c@1!,
~7.4a!

1

Lb
(s) U

Lorentz

;S s

r c
D 4 r c

D2 H 1 if r c /D!1 ~ i.e., k1r c!1!

~k1r c!
5 exp~22k1r c! if r c /D@1 ~ i.e., k1r c@1!.

~7.4b!

Based on estimates~7.3! and ~7.4!, the relative intensity of BS and BH scattering can be estimated as follows:

Lb
(h)

Lb
(s) U

Gauss

;S s

D D 2S D

r c
D 4H 1 if r c /D!1 ~ i.e., k1r c!1!

~r c /D !4 exp~k1
2r c

2! if r c /D@1 ~ i.e., k1r c@1!,
~7.5a!

Lb
(h)

Lb
(s) U

Lorentz

;S s

D D 2S D

r c
D 4H 1 if r c /D!1 ~ i.e., k1r c!1!

~r c /D !5 if r c /D@1 ~ i.e., k1r c@1!.
~7.5b!
lar

’’
r-
of

t
sur-
ical,

sm
ifest
lo-
ot
ys-
odes
Eq.

ra-

ent
ns
ni-
From these estimates it can be seen that, in all of the limi
cases considered here, the characteristic ratioLb

(h)/Lb
(s) is de-

termined by the product of a small Rayleigh parame
(s/D)2 and some scale parameter, though individual for d
ferent roughness correlation, which depends on the rela
between the roughness correlation length and the de Bro
wavelength of the electrons. In the case of small-scale asp
ties, whenkFr c!1 ~or, which is the same,r c /D!1), regard-
less of the correlation model the relative intensity of BH a
BS scattering is characterized by the parame
(s/D)2(D/r c)

45(s/r c)
4/(s/D)2, which varies over a

rather wide range. This is because BH and BS scatterin
associated with independent physical origins. Whereas s
tering from the potentialVh(x) is governed by the height o
the boundary roughness and thus is estimated mostl
terms of the parameters/D @Eqs.~7.3a! and~7.4a!#, the BS
scattering is mostly determined by the slope of the asperi
i.e., by gradientsj1,28 (x), and is, consequently, governed b
the parameters/r c @Eqs.~7.3b! and ~7.4b!#.

It would be tiresome to discuss here in detail the inter
lation between BH and BS scattering mechanisms, assum
the asperities to be large scale, when the parameterkFr c
@1 ~i.e., r c /D@1), since in this case the the result depen
g

r
-
n

lie
ri-

r

is
at-

in

s,

-
ng

s

largely on the correlation model. We leave this particu
analysis to an interested reader.

It is noteworthy that in the event when the ‘‘slope
mechanism dominates the ‘‘height’’ mechanism, the ‘‘su
face’’ scattering rate is proportional to the fourth power
the rms heights rather than tos2, which is customary in
diffraction theory.18 This fact must be taken into accoun
when analyzing experiments aimed at reproducing the
face shape using the data on quantum, as well as class
wave scattering in rough-bounded waveguide systems.

A remarkable peculiarity of the BS scattering mechani
is that through this scattering the evanescent modes man
unexpectedly their significance, though they are strongly
calized in the direction of propagation and normally do n
contribute directly to the energy transport in waveguide s
tems. In the problem considered here, the evanescent m
are present in the last term on the left-hand side of
~3.13!, specifically in the kernel@Eq. ~3.14!# of the operator
potentialK̂. This potential can be seen to govern the int
mode scattering of the only propagating mode withn51
through intermode transitions via the virtual evanesc
modes withn>2. Those transitions contribute to expressio
~5.6! of the scattering lengths as much, in order of mag
6-11
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tude, as the direct BS scattering governed by the poten
Vs(x) in Eq. ~3.13!. It should be emphasized that the evan
cent modes’ contribution to the kinetic coefficients of a mo
that is in itself extended seems to be a distinctive feature
wave scattering in surface-corrugated systems. This
proven not to be the case under WS conditions
waveguidelike systems whose inhomogeneity is of the b
nature.27

Apart from the identification of dominant scatterin
mechanism, specifying scattering lengths@Eqs. ~7.3! and
~7.4!# for different statistical models of boundary roughne
also allows for the criteria of validity of the obtained resu
in terms of essential physical parameters of the disorde
systems. Along with the presumption of smallness a
smoothness of boundary asperities~see Eqs.~3.3! and~3.4!!
the criteria are dictated by Eq.~4.1! of weak scattering. In
specifying those criteria, the smallest of the extincti
lengthsL f

(h,s) should be taken to substitute for the lengthl sc

in Eq. ~4.1! since the inequalityL f&Lb always holds true.
In conclusion, we make some remarks concerning

methodological side of the problem of wave scattering fr
rough waveguide surfaces. As far as we know, until
present time there has not been made any reasonable di
tion between BH and BS scattering in such systems. Only
existence, in general, of different competing mechanisms
sponsible for wave scattering from rough surfaces was in
cated in Ref. 23 on the basis of the experimental resu
Accordingly, the relative function of these scattering mec
nisms in dynamic processes in waveguidelike systems
not properly analyzed. Meanwhile, in the course of this wo
we have made certain that the application of lineariz
~impedance-type! boundary conditions to a single-mod
waveguide is equivalent to retaining in Eq.~3.13! the ap-
proximate potential@Eq. ~5.7!# instead of its exact value@Eq.
~3.7a!#, and also disregarding all ‘‘slope’’ potentials. How
ever, omitting the latter potentials implies a neglect of the
scattering mechanism, that is proven to be not always ju
fiable. The alternative small-slope approximation of Refs.
and 22, being guided solely by a slope parameter of
rough surface, does not allow one to separate BH and
scattering mechanisms as well.

In this work, a method has been suggested, within
framework of which both the above-mentioned scatter
mechanisms appear quite naturally to be associated with
ferent terms of the Hamiltonian. We have demonstrated
at least in a single-mode waveguide the scattering cau
even by mildly sloping boundary asperities can be attribu
to either ‘‘height’’ or ‘‘slope’’ scattering mechanisms, de
pending on the statistical properties of the roughness.
competition between these mechanisms is governed
physically different parameters. It is noteworthy that taki
into account the BS mechanism is particularly essentia
boundary asperities are classified as being large-scale.
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APPENDIX: CORRELATION CHARACTERISTICS
OF BY-HEIGHT SCATTERING

The effective subaveraged potentialshh(x) and zh6(x)
corresponding to the original potential@Eq. ~3.7a!# have the
forms

hh~x!5
p2

2k1
E

x2 l

x1 l dt

2l F 1

w2~ t !
2K 1

w2~ t !
L G , ~A1a!

zh6~x!5
p2

2k1
E

x2 l

x1 l dt

2l
e72ik1tF 1

w2~ t !
2K 1

w2~ t !
L G .

~A1b!

To calculate the averages in Eqs.~A1!, it is convenient to
make use of the methods

K 1

w2~ t !
L 52

]

]D K 1

w~ t !L , ~A2!

K 1

w~ t !L 5 K 1

D1Dj~ t !L
52 i E

0

`

dq^exp$ iq@D1Dj~ t !1 i0#%&. ~A3!

In the case of boundary roughness obeying Gaussian st
tics, the integral in Eq.~A3! can be averaged without diffi
culty. Since for the SSB waveguide the equality

^Dj~x!Dj~x8!&54s2W~x2x8! ~A4!

holds true, the correlator~A3! is equal to

K 1

w~ t !L 52
i

2s
Ap

2
expS 2

D2

8s2D erfcS 2 iD

sA8
D , ~A5!

where erfc(•••) is the probability integral~see, e.g., Ref.
35!.

With the use of Eq.~A5!, the correlator~A2! can be ac-
curately computed. However, a subsequent analysis ca
performed analytically only in the case of small-heig
roughness. With inequality~3.3!, averages~A3! and~A2! are
asymptotically equal to

K 1

w~ t !L '
1

D F114S s

D D 2G , ~A6!

K 1

w2~ t !
L '

1

D2 F1112S s

D D 2G . ~A7!

The next step is a calculation of binary correlation fun
tions ^hh(x1)hh(x2)& and ^zh6(x1)zh6* (x2)&. In doing so,
one has to calculate the correlator
6-12
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L~ t12t2!5K F 1

w2~ t1!
2K 1

w2~ t1!
L GF 1

w2~ t2!
2K 1

w2~ t2!
L G L

5K 1

w2~ t1!

1

w2~ t2!
L 2K 1

w2~ t1!
L K 1

w2~ t2!
L . ~A8!

In the case of small-amplitude roughness, the second term
the right-hand side of Eq.~A8! is governed by asymptotic
~A7!. As for the first term, for its calculation the metho
which was already applied to calculate average~A2! is help-
ful. To this end, we represent the desired correlator in
form

K 1

w2~ t1!

1

w2~ t2!
L 5 lim

D8→D

]2

]D ]D8
E E

0

`

dq1dq2

3^exp$ iq1@D1Dj~ t1!1 i0#

2 iq2@D81Dj~ t2!2 i0#%&.

~A9!

An averaging of the exponent function in Eq.~A9! readily
yields

^exp@ iq1Dj~ t1!2 iq2Dj~ t2!#&

5exp$22~q1
21q2

2!s214q1q2s2W~ t12t2!%,

~A10!

whereupon we arrive, after some tedious manipulations
the integral representation

K 1

w2~ t1!

1

w2~ t2!
L

5
1

~2s!4AW1W2

E
0

`

du cosS D

sA2W1

uD E
w(u)

`

dv

3S v2

W2
2

u2

W1
DexpS 2

u21v2

2 D . ~A11!
.
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Here, for the sake of the formula compactification, we u
the notations

w~u!5uAW2 /W1, W6516W~ t12t2!. ~A12!

Correlation function~A11! can be calculated numericall
for the arbitrary value ofs/D. But in the case of small-
height roughness the integration in Eq.~A11! can be per-
formed analytically, yielding the asymptotic result

K 1

w2~ t1!

1

w2~ t2!L '
1

D4 F11S 2s

D D 2

~5W11W2!G .
~A13!

By substituting Eqs.~A13! and~A7! into Eq.~A8!, we obtain

L~ t12t2!'
16s2

D6
W~ t12t2!. ~A14!

After a simple integration of correlator~A14!, resulting from
definition ~A1!, we arrive at the final expressions for th
required correlators:

^hh~x1!hh~x2!&5
1

L f
(h)

Fl~x12x2!, ~A15a!

^zh6~x1!zh6* ~x2!&5
1

Lb
(h)

Fl~x12x2!. ~A15b!

In Eqs.~A15!, the extinction lengthsL f ,b
(h) associated with the

height potential@Eq. ~3.7a!# are given by Eqs.~5.8!.
.
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